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1. Introduction 

In the famous mirror symmetry paper [[6l, the authors described a duality of 
Calabi-Yau 3-folds that exchanges the A-model with the B-model. The A-model 
contains information such as Kahler structure and Gromov-Witten invariants while 
the B-model contains information such as complex structures and periods integrals. 
However, this picture is not complete since the complex moduli usually has a non- 
trivial topology while the Kahler moduli does not. Consider the quintic 3-fold as an 
example. The mirror is a family of quintic 3-folds 

5 5 

1=1 (=1 

quotient by (Z/5Z)^, with i/^ e P'. This new family contain special limits i/^ = 0, oo 
and fifth roots of unity, which are referred to as the Gepner point, the large complex 
structure limit point and the conifold limits. The mirror theorem asserts that the 
contractible Kahler moduli of quintic 3 -fold is mirror to a neighborhood of the 
large complex structure limit lfT6ll24ll . 
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On the other hand, it is implicit in physics that we should study the entire com- 
plex moduli and all the special limits. This global point of view leads to BCOV- 
holomorphic anomaly equation ||4l and recent spectacular physics predictions of the 
Gromov-Witten invariants of quintic 3-fold up to genus 52 ETI . 

Landau-Ginzburg phases are introduced as part of the global picture, to describe 
the neighborhood of the Gepner point, or its mirror. Recently, a candidate of 
Landau-Ginzburg A-model has been constructed by Fan, Jarvis and Ruan based 
on a proposal of Witten lfT3ll . It is now called the Fan-Jarvis-Ruan-Witten theory 
(FJRW theory). It is a Gromov-Witten type theory which counts solutions of Witten 
equations. Based on this construction, Ruan proposed a mathematical formulation 
of Landau-Ginzburg/Calabi-Yau (LG/CY) correspondence OTll . This connects the 
FJRW theory and Gromov-Witten theory for a pair of same initial data. In [i9jl, 
Chiodo and Ruan addressed the idea of global mirror symmetry to build a bridge 
for LG/CY correspondence. In short, in this picture, the FJRW theory is formulated 
as the mirror theory for the Gepner point. 

1.1. The LG/CY correspondence via global mirror symmetry. Let us first briefly 
recall the most general setup for the LG/CY correspondence. Recall that a polyno- 
mial W is called quasi-homogeneous if there are rational numbers called the 
degrees or the charges of Xi, such that 

for all A e C*. The polynomial W is called non-degenerate if: (1) defines a 
unique singularity at zero; (2) the choice of qi is unique. Let 

i N 

W{x) = YjV[^?^ x = (Xi,...,X^) 

i=\ 7=1 

be a quasi-homogeneous non-degenerate polynomial. We assume that W is invert- 
ible, i.e., s = N and the matrix whose entries are the exponents aij is invertible. 
A diagonal matrix diag(/li, . . . , A^) is called a diagonal symmetry of W if 

WiAiXi,..., AM = W{X, , . . . , X^), Ai e C . 

The diagonal symmetries form a group Gw- It contains the element 

7w = diag(e2'^'^',...,e2"'^''^). 

When W satisfies the Calabi-Yau condition YiiQi = 1' = = 0} defines a 
Calabi-Yau hypersurface in the weighted projective space CP^~'(ci, . . . , cn), where 
qi = Ci/d for a common denominator d. The element Jw acts trivially on Xw, 
while for any admissible subgroup G such that {Jw) c G c Gw, the group G = 
G/{Jw) acts faithfully on X^. The LG/CY correspondence predicts that the FJRW 
theory of {W, G), up to analytic continuation and the quantization of a symplectic 
transformation, is equivalent to the GW theory of X^/G BH. 
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For an invertible polynomial W, its transpose is the unique invertible poly- 
nomial such that E]/YT = {EwY, where for a given square matrix A, we denote by 
the transpose of A. The role of the transposed polynomial in mirror symmetry 
was first studied by Berglund and Hiibsch (see [HI), then completed by Krawitz by 
introducing a mirror group construction Il23l . Now (W^,G^) is referred to as 
the Berglund-Hiibsch-Krawitz mirror of (W, G). 

In order to describe the analytic continuation, the FJRW theory of the BHK- 
mirror pair (W^^, G^) should be equivalent to some 5-type theory of the pair (W, G). 
For example, when G is the trivial group, then G^ = G^^t and the Saito-Givental 
theory is expected to be the right model for (W, {1}). If G {1}; then the 5-type 
theory of the pair (W, G) is expected to be some orbifolding by G of the Saito- 
Givental theory. However, the construction of such a B-model is still not available. 

1.2. Main results. In this paper, we study in detail all possible special limit points 
in the Saito-Givental theory of a one-parameter family of invertible simple elliptic 
singularities (ISES for brevity) and find the geometric mirror for each of them. 

All ISESs are classified in Table [B Let us fix an ISES W of type E^^;}^, fi = 
8,9, 10. Saito constructed a flat structure on the miniversal deformation space S 
of W using primitive forms [|32l . Following Givental's higher-genus reconstruction 
formalism IfTSl we define for every semisimple point s in <S a formal power series 
JlsiJi', q) called the total ancestor potential of W. More details of the Saito-Givental 
theory will be introduced later. Let us point out that the primitive form depends 
on the choice of W and a marginal deformation along which is a top degree 
monomial in the Milnor ring of W. Let pi, . . . , p/ be the points on the complex line, 
s.t., for cr = Pi the point x = is not an isolated critical point of the polynomial 
Wa- = W + cr0_i. The points 

0, pi,...,pi, oo e CU{oo} 

will be called special limit points for the Saito-Givental theory of W. Our goal is to 
study the total ancestor potentials at the special limit points. 

Let cr be a special limit point. We say that cr is a Gepner point if there exists 
a pair {W , G') of an invertible polynomial W and an admissible group G' of W , 
such that the total ancestor potential of the FJRW theory for {W , G') coincides with 
the total ancestor potential of W for some choice of a primitive form. In this case, 
we will also say that the Gepner point is a {W , G')-FJRW point. Similarly, we say 
that cr is a large complex structure limit (LCSL) point if there exists an orbifold X, 
such that the total ancestor potential of X coincides with the total ancestor potential 
of W. We will say that the LCSL point is an X-GW point. 

Theorem 1.1. Let W be an invertible polynomial of type E^^;}^' ^^^^ 

a) The point cr = is always an FJRW-point. Moreover, ifW^ belongs to Tables 
\3\ E] or\5\ then a = is a (W^ , G^t)-FJRW point. 
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b) The point cr = < i < I) is an X^t -GW point. 

Note that in part a) of Theorem 11.11 we have excluded some of the polynomials 
W appearing in Table [IJ The theorem should be true in all cases; however, there is 
a technical complication when computing the FJRW invariants (see Section [33] ). 

Remark 1.2. In higher dimensions, such as quintic case, the points pi, . . . ,pi are 
usually referred to as conifold points. It is still not yet known how to construct a 
geometric mirror for a conifold point. One surprising result ofTheorem \I.l\ is that 
forlSESs, there is no conifold point at all. 

An important corollary of Theorem 11.11 is that the total ancestor potential of W 
extends holomorphically to the entire S, the universal cover of S. In particular, the 
limit s ^ exists for all cr e S. It turns out that the restrictions of the flat co- 
ordinates on S are multi-valued analytic functions. The marginal flat coordinate is 
naturally identified with a point on the upper half-plane and the action of the mon- 
odromy group is given by some modular group, i.e., the monodromy group t(W) of 
an elliptic fibration E ^ 1, (c.f. (flUl)). The remaining flat coordinates are algebraic 
solutions to hypergeometric equations. Hypergeometric equations admitting alge- 
braic solutions were classified by Schwarz [[35l and they form a list which is known 
as the Schwarz list (see also |[22ll26l '). The same method as in [|271l proves that all 
GW-theories that arise at cr = and cr = pi (see Theorem ll.il) are quasi-modular on 
the subgroup T{W) of t{W) that leaves the non-marginal flat coordinates invariant. 
In Section |7] we compute r(W) for the Fermat-type polynomials W of type E^^'^\ 
N = 6,1, 8, which yields the following corollary. 

Corollary 1.3. The total ancestor potential o/CP,'j is quasi-modular onY = 
r(3), r(4), and r(6) for respectively {01,02,03) = (3, 3, 3), (4, 4, 2), and (6, 3, 2). 

Remark 1.4. In [|2TI . the authors use gap condition at conifold point and regularity 
at Gepner point to compute Gromov-Witten invariants of quintic 3-fold up to genus 
52. In our case, it is much nicer since the generating functions are all holomorphic 
near the special limits. It has a potential application to determine explicitly the 
closed form of Gromov-Witten generating function as a polynomial of ring genera- 
tors of quasi-modular form. 

Finally, we address the question whether the remaining special limit point cr = 00 
is of FJRW or GW type. The answer is given in terms of the j-invariant of the elliptic 
curve at infinity. Given an invertible polynomial W with a marginal deformation we 
denote by jwicr) the j-invariant of the elliptic curve Ea-. 

Theorem 1.5. a) Let W and W" be two invertible polynomials, such that 

dime = dime ^w, jw'(0) = ;V"(0); 

then the corresponding FJRW-points (W^ , G^,>T) and (W"^ , G]y»t) are the same. 
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b) Let W be an invertible polynomial (with a fixed marginal deformation); then 
either jVC^") has a pole at cr = co, or it has a limit at a = co, which coincides with 
jw'(0)for some polynomial W, such that dime = dime J2w- In the latter case 
cr = oo is a (W, G^/'t)-FJRW point and in the former cr = oo is an X^/^t-GW point. 

Remark 1.6. This is another surprising result. Usually in a one-parameter B- 
model family [fTTTl . the point cr = oo is a LCSL-point. 

Here we obtain two corollaries from Theorem ll.ll and Theorem 1 1.51 By inspect- 
ing the j-invariant at the special limit points, we notice that the following classifi- 
cation result holds. 

Corollary 1.7. Any special limit point from Saito-Givental theory oflSESs is either 
a GW-point or an FJRW-point. They are classified by the Milnor number p of the 
singularity W and the value of the j-invariant j(cr) at the special limit point. 

In particular, we have three different choices of Milnor numbers, /i = 8,9 or 10. 
The values of the j'-invariant at a special limit point can be only 0, 1728, or oo. So, 
we have nine different types of special limits for all ISESs. 

As a second corollary we obtain various correspondences of LG/LG- or of LG/CY- 
type. 

Corollary 1.8. The generating functions of GW invariants of FJRW-type or CY-type 
described in Theorem \l.l\ and Theorem U .5\ are related by analytic continuation and 
a quantized symplectic transformation. 



Table 1 . Invertible simple elliptic singularities 
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p(l,l) 


Fermat 


X\ + Xl + 


X^ ~\~ X2 "i~ x^^ 


+ + xj 


Fermat-i-Chain 


X^X2 "I" ^2 "1" X^ 


X^X2 "I" X2 "1" x^ 


X^X2 H" X2 "I" x^ 






X^X2 + X2 H" X^ 


X^X2 H" X2 "1" x^ 


Fermat-l-Loop 


X^JC2 "I" X1X2 "1" 


X^X2 "I" X1X2 "1" x^ 




Chain 


X^X2 "I" X^Xi^ "h x^ 


X^X2 "1" X2X1, H" x^ 




Loop 


X^X2 "I" X2X1, "h X\X^ 







1 .3. Plan of the paper. The paper is organized as follows. In Section[2l we recall 
Givental's construction of the B-model Gromov-Witten type potential in the setting 
of Saito's theory of primitive forms. We also derive the Picard-Fuchs equations 
satisfied by the various period integrals. In Section [3l we discuss the two types of 
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geometric Gromov-Witten type constructions: the Gromov-Witten theory of elliptic 
orbifold lines and the FJRW theory of simple elliptic singularities. We also recall 
the reconstruction and convergence theorem in both theories. In Sections |4l [51 and|6] 
we establish the global mirror symmetry by comparing the B-model constructed in 
Section[2]and the A-models constructed in Section[3l Unfortunately, we do not have 
a uniform proof for all cases. Instead we give explicit mirror maps and verify mirror 
symmetry for some of the examples. The verification in all other cases is done in 
a completely analogous way. In particular, our examples include both LG-CY-LG 
cases and LG-CY-CY cases. In Section |7] we compute the modular groups for the 
ISES of Fermat type for E!^^'^' and E''^'^\ which in particular proves Corollary 11.31 
The modular group for the Fermat type E''^'^^' is well known, as was already pointed 
out in Il27l . 

1.4. Acknowledgement. We thank Yongbin Ruan for his insight and support for 
this project. Both authors would like to thank Kentaro Hori, Hiroshi Iritani, and Ky- 
oji Saito for many stimulating conversations. The first author benefited from con- 
versations with Satoshi Kondo and Charles Siegel, while the second author would 
like to thank also Alessandro Chiodo, Huijun Fan, Tyler Jarvis, and Noriko Yui 
for helpful discussions. We thank Arthur Greenspoon for editorial assistance. The 
work of the first author is supported by Grant-In- Aid and by the World Premier In- 
ternational Research Center Initiative (WPI Initiative), MEXT, Japan. The second 
author would like to thank Kavli IPMU for hospitality where most of this work was 
done during his visit to Kavli IPMU from February 2012 to September 2012. 

2. Global B-model for simple elliptic singularities 

Let W be an invertible polynomial from Table [T] We would like to recall Saito's 
theory of primitive forms which yields a Frobenius structure on S. Following 
Givental's higher genus reconstruction formalism we will introduce the total an- 
cestor potential of W. Finally, we will derive a system of hypergeometric equations 
that determines the restriction of the flat coordinates of the Frobenius manifold S 
to S. 

2.1. The space of miniversal deformations. In this paper we are interested in the 
case when N = 3 and the charges = l/o,(l < z < A'') for some positive integers 
o,. The Calabi-Yau condition is satisfied only in the following three cases 

(01,02,03) = (3,3,3), (4,4,2), and (6, 3, 2). 

We denote the corresponding classes of invertible polynomials respectively hy E''^'^\ 
E'^'^\ and ^g' '^ Modulo permutation of the variables X,(l < i < N) there are 13 
types of invertible polynomials (see Table [I])- We refer to these polynomials as 
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invertible simple elliptic singularities. Let 

= C{X,,X2,X^-\l{dx,W,dx,W,dx,W). 

be the Jacobian ring or Milnor ring of W. Let us fix a set of weighted homoge- 
neous monomials 

<^r(x) = r; X'lXl' , r = (n , r2, r,), ( 1 ) 

such that their projections in form a basis. The dimension of the Jacobi ring, 
i.e., the number of the above monomials, is called the multiplicity of the critical 
point or Milnor number and it will be denoted by /i. There is precisely one mono- 
mial of top degree, say 0m . m = {tni,m2,m^). We fix a deformation of W of the 
following form: 

W^(x) = W{x) + cTcf>Ux), crei:, (2) 
where S c C is the set of all cr 6 C such that Wa-(x) has only isolated critical points. 
Such deformations do not change the multiplicity of the critical point at x = 0. The 
polynomials Q correspond to families of simple elliptic singularities of type E^^^l^ 

..... ^ 

(see [|331). More generally, a miniversal deformation (see e.g. p|) of W can be 
constructed in the form 

F(s,x) = W(x) + Y,s,M^)- (3) 
It is convenient to adopt two notations for the deformation parameters. Namely, put 

where the second equality is obtained by putting an order on the elements r e 9? 
and enumerating them with the integers from -1 to yu - 2 in such a way that 

= 5m = cr, Sq = So, = (0, 0, 0) 6 9?. 

The moduli space of miniversal deformations, i.e., the range of the parameters Sr is 
then defined to be the affine space = 2 x C^^^. Furthermore, each is assigned 
a degree so that F is weighted-homogeneous of degree 1 . Note that the parameter 
5m = cr has degree 0. Following the terminology in physics we call and 0m 
marginal. Note that VFo-(x) is the restriction of F{s, x) to the subspace 2 of marginal 
deformations. Except for W of Fermat type, there is more than one choice of a 
marginal monomial. For example, both X1X2X1, and X^X^ are marginal for W = 
X^X2 "i- X2 -i" X'^ . 

2.2. Saito's theory. Let C be the critical variety of the miniversal deformation F 
(see Q), i.e., the support of the sheaf 

Oc:=Ox/{dx,F,dx,F,dx,F), 

where X = S x C^. Let q : X ^ S he the projection on the first factor. The 
Kodaira-Spencer map (7^ is the sheaf of holomorphic vector fields on S) 

Ts — > q*Oc, d/dsi^^ dFI dsi mod (Fx, , Fx^ , ) 
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is an isomorphism, which implies that for any s e S, the tangent space TgS is 
equipped with an associative commutative mukiplication •g depending holomor- 
phically on s e S. If in addition we have a volume form oj = g(s, x)d^x, where 
d^x = dXi A dX2 A JX3 is the standard volume form, then q^Oc (hence Ts as well) 
is equipped with the residue pairing: 

^ / (Iniy Fy.Fy^Fy^ 

where y = (ji, ^2,^3) is a unimodular coordinate system for the volume form, i.e., 
o) = d^y, and is a real 3-dimensional cycle supported on = e for 1 < ? < 3. 
Given a semi-infinite cycle 

Jl 6 lim//3(C^ (C^)-„,; C) = e, (5) 

where 

(C'),„ = {X e I Re(F(s, x)/z) < m}. (6) 

Put 

J^is,z) = (-2nzr''^zds f e^'^'^'^^'co, (7) 

where ds is the de Rham differential on S. The oscillatory integrals are by 
definition sections of the cotangent sheaf T^. 

According to Saito's theory of primitive forms Il32l . there exists a volume form to 
such that the residue pairing is flat and the oscillatory integrals satisfy a system of 
differential equations, which in flat-homogeneous coordinates t = {t^i,to, . . . , ?^_2) 
have the form 

zdMi,z) = di*tJAt,z), (8) 

where 5, := d/dti (-1 </<//- 2) and the multiplication is defined by identi- 
fying vectors and covectors via the residue pairing. Using the residue pairing, the 
flat structure, and the Kodaira-Spencer isomorphism we have the following isomor- 
phisms: 

r*^ = r.s = .s X ro.s = .s X 

Due to homogeneity the integrals satisfy a differential equation with respect to the 
parameter z e C* : 

(zd, + E)J^(i,z) = eMt,z), (9) 

where 

tJ-2 

E = ^ ditidi, (di := deg = deg 5,), 

i=-\ 

is the Euler vector field and is the so-called Hodge grading operator 

@:t;^t;, @{dti) = (]--d\dti. 
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The compatibility of the system dS])-® implies that the residue pairing, the multi- 
plication, and the Euler vector field give rise to a conformal Frobenius structure of 
conformal dimension 1. We refer to B. Dubrovin [|T2l for the definition and more 
details on Frobenius structures and to C. Hertling [|20l or to Atsushi-Saito Il34| for 
more details on constructing a Frobenius structure from a primitive form. 

2.3 . The primitive forms. The classification of primitive forms in general is a very 
difficult problem. In the case of simple elliptic singularities however, all primitive 
forms are known (see [|32]| ). They are given by a; = d^x/nAicr), where ttaCct) is the 
period (fTTI) . As we will prove below, these periods are solutions to the hypergeo- 
metric equation (fT3]) . so a primitive form may be equivalently fixed by fixing a so- 
lution to the diff"erential equation that does not vanish on S. Note that since nA{cr) is 
multi-valued function, the corresponding Frobenius structure on S is multi-valued 
as well. In other words, the primitive form gives rise to a Frobenius structure on the 
universal cover = IH x C^^^ 

The key to the primitive form is the Picard-Fuchs differential equation for the 
periods of the so-called elliptic curve at infinity 



E^:=\[Xr.X2:X,]€CF\cuC2,c,) 



= O), (10) 



where c, = d/oj, 1 < ?' < 3 and d is the least common multiple of Oi, 02, and 03. Note 
that Ea- are the fibers of an elliptic fibration over CP' = CU {00} whose non-singular 
fibers are parametrized by 2 c C c CP'. Note that Res^^^Q, where 

^ dXi A dX2 A dXj 
■~ dW^ ' 

is a Calabi-Yau form of the elliptic curve Ea-. For every A e Hi{Ea), we define the 
period integral 

ttaCct) = J^ReSf^Q. (11) 

It is well known that the period integrals are solutions to a Fuchsian differential 
equation. For our purposes, since we have to deal with many examples, it is con- 
venient to follow the approach of S. Gahrs (see [[T6l and Section |231) . We define a 
charge vector 

(/l,/2,/3,-/)€Z^ 

by choosing the minimal / e Z>o such that 

{li,l2,h) = l^E^ , m = (mi,m2,m3). (12) 

putc = n-=iH//o''. 

Lemma 2.1. The Picard-Fuchs equation for the elliptic periods is 

5{6-l)nA = C a\6 + la){5 + 1/3) tta, (1 3) 

where 6 = crd/dcr and a and J3 are some rational numbers, such that a + J3 = 1 - 7. 
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If we put x = Ccr',y = a+/3, then the above differential equation turns into the 
standard hypergeometric equation 

x(l - x)^ + (r - (1 + a+/3)x) ^ - al3nA = (14) 
ax-^ ax 

We call (a,/3,y) the weights of the Picard-Fuchs equation. They are listed in Table 
[8] for ^g^ '^ and in Tables [2] and |7] (see the appendix) in the other two cases. In 
particular, the singularities of the Picard-Fuchs equation are at the points 

Pi = C-^"rj', 1 <?•</, ?7 = exp(2;rV^/Z), (15) 

and we have E = C\{pi, . . .,pi}. 

2.4. Givental's higher-genus reconstruction formalism. Following Givental we 
introduce the vector space 'H = ^wiiz)) of formal Laurent series in z ' with coef- 
ficients in equipped with the symplectic structure 

n(f(z),g(z)) = rcs,=o(f(-z),g(z))dz. 

Using the polarization = 7^+® "H-, where 'K+ = ^wiz] and = ^w[[z~^]]z~^ 
we identify 'H with the cotangent bundle T*'H+. The goal in this subsection is to 
define the total ancestor potential of W. 

2.4.1. The stationary phase asymptotics. Let s 6 <S be a semisimple point, i.e., the 
critical values w, (1 < z < jS) form locally near s a coordinate system. Then we have 
an isomorphism 

¥ : ^ = T,S, ei ^ V^5/5m,-, (d/dut, d/duj) = 5,y/A,-, 

that diagonalizes the Frobenius multiplication and the residue pairing: 

ei • ej = V^e;5;j, (e,-, ej) = 5ij. 

The system of differential equations ([8]) and ^ admits a unique formal solution of 
the type 

Ti?(s, z)e'^'\ Ris, z) = 1 + i?i(s)z + i?2(s)z^ + • • • 

where U is a diagonal matrix with entries u\, . . . on the diagonal and i?i(s) G 
End(C''). Alternatively this formal solution coincides with the stationary phase 
asymptotics of the following integrals. Let S, be the semi-infinite cycle of the type 
([5]) consisting of all points x e such that the gradient trajectories of -Re(F/z) 
flow into the critical value w,. Then 

{-InzT^'^zds r e'^^'-'^'^oj ~ e"''^^R{s,z)ei as z ^ 0. 
We refer to [|3l[l8l for more details and proofs. 
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2.4.2. The quantization formalism. Let us fix the Darboux coordinate system on 
'H given by the linear functions q'^, ptj defined as follows: 

oo fJ-l 



k=0 !=-l 



where 5,- = d/dti and d' = dti. 

It is known (and it is easy to prove) that is a symplectic transformation, i.e., 
^R{-z)R(z) = Ifi- Note that R has the form where A{z) is an infinitesimal 
symplectic transformation. On the other hand, a linear transformation A{z) is infin- 
itesimal symplectic if and only if the map f e "K i-^ Af e "K defines a Hamiltonian 
vector field with Hamiltonian given by the quadratic function /zA(f) = ^Q(Af, f). 

By definition, the quantization of is given by the differential operator e^'^ , where 
the quadratic Hamiltonians are quantized according to the following rules: 

0^ ■ d 

ipkjpijr= ^— — (Pkjqir= (qipkjr= Wk(i\T= qWii^- 

dq\dq\ oq^ 

Note that the quantization defines a projective representation of the Poisson Lie 
algebra of quadratic Hamiltonians: 

\F,G] = {F,Gr+C{F,G\ 

where F and G are quadratic Hamiltonians and the values of the cocycle C on a pair 
of Darboux monomials is non-zero only in the following cases: 

Cip,,P,,q,q,) = ^^ if(^,/) = (/,;•). ^'^^ 

The action of the operator i? on an element F{q) e Cfi[[qo, qi + l,q2, ■ ■ ■ ]], whenever 
it makes sense, is given by the following formula: 



7?F(q) = (e^^^>(q))| , , (17) 



where Vd^ is the quadratic differential operator Jjk,i(d", Vkid^)dqad„b, whose coeffi 



cients Vki are given by 

''R{z)R{w) - 1 



XM-z)W= (18) 



kj=0 ^ + ^ 



2.4.3. The total ancestor potential. By definition, the Kontsevich-Witten tau-function 
is the following generating series: 

1 r " 

n^tifi;qiz)) = cxp(J]-h^-' _ ]~[(^7(«A,) + «A0), (19) 
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where q{z) = 'Lklkz'', {qQ,qi, . . .) are formal variables, and i/^, (1 < / < n) are the 
first Chern classes of the cotangent line bundles on A1^,„. The function is interpreted 
as a formal series in q^, qi + l,q2,. . . whose coefficients are Laurent series in fi.. 

Let s e S he a semisimple point, i.e., the critical values m'(s) (1 < / < fj.) of 
F(s, x) form a coordinate system. Motivated by Gromov-Witten theory Givental 
introduced the notion of the total ancestor potential of a semisimple Frobenius 
structure. In particular, the definition makes sense in singularity theory as well. 
Namely, the total ancestor potential is by definition the following formal function 
on 

1^ 

Jlsih; q) :=^R e""' ]~[ 'D^.in Af, 'q(z) Va^) (20) 



i=l 



where 



q(^) = X Z 'q(2) = Z 



1,-2 

qkZ 

k=0 a=-l k=0 

The quantization ¥ is interpreted as the change of variables 

^'q(z)e, = Y-iq(z) i.e. 'q^^i = Y^Mql- (21) 

1=1 a=-\ 

The correctness of definition (l20l) is not quite obvious. The problem is that the 
substitution q i-^ 7? 'q, which, written in more detail, reads 

<?o 1-^ <?o, q\^Rm + q\, q2 ^ R2qo + RiQi + q2, 

where 

R-^ = i+R^z + R2Z^ + -- - , 

is not a well-defined operation on the space of formal series. This complication 
however, is offset by a certain property of the Kontsevich-Witten tau function. By 
definition, an asymptotic function is an element of the Fock space Cniiqo, ^i, . . . ]] 
of the form 

oo 

It is called tame if the following {3g - 3 + r)-jet constraints are satisfied: 



dq'kr--dql 



= if ki+--- + kr >3g -3 + r. 

q=0 

The Kontsevich-Witten tau function, up to the shift qi qi+ 1, is tame for dimen- 
sional reasons: dim Mg^- = 3g - 3 -I- r. It follows that the action of R is well-defined. 
Moreover, according to Givental ffT9l , R preserves the class of tame asymptotic 
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functions. In other words, the total ancestor potential is a tame asymptotic function 
in the Fock space Cfj[[qo, qi + I,q2,... ]]. 

2.5. Picard-Fuchs equations. Let us denote by 

Xs = {xeC^ |F(s,x) = 1}, seS. 

The points s for which Xg is singular form an analytic hypersurface in S called the 
discriminant. Its complement in S will be denoted by S' . We will be interested in 
the period integrals 

Or(s) = J Mx) 0r(x) = X['X':iX[' , r = (n , r2, r,). 

They are sections of the middle (or vanishing) cohomology bundle on S' formed 
by H^{Xg, C). Slightly abusing the notation, we denote the restriction to s^i = a. 
Si = 0(0 < z < // - 2) by Or(cr). Following the idea of 1161, we first obtain a GKZ 
(Gelfand-Kapranov-Zelevinsky) system of differential equations for the periods. 
Using that the period integrals are not polynomial in cr (they have singularities at 
the punctures of S) we can reduce the GKZ system to a Picard-Fuchs equation. 



2.5.1. The GKZ system. In order to derive the GKZ system, we slightly modify 
the polynomial W. By definition W{x) = XiLi 0a,(x), where a; are the rows of the 
matrix Ew. Put 

3 

Wy,<^(x) = ^ Vi (pa,ix) + Cr0^i(x), 
(=1 

where v = (vi,V2,V3) are some complex parameters. For simplicity, we omit v in 
the notation if v = (1,1,1). Let us write X^"^ = {x e | lVv,^(x) = A}. Then we 
define the period integrals 

0;"^((T)= r 0,(x)-^; (22) 

again one should think that the above integral is a section of the vanishing coho- 
mology for Wv,o-(x). The vanishing cohomology bundle is equipped with a Gauss- 
Manin connection V. The following formulas are well known (see e.g. |l3l) 

^^''^^!'= IJt ,,,, 

where is a 2-form on possibly depending on the parameters v. Finally, note 
that rescaling X; i-^ A''' Z,(l < z < 3) yields 
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Let 6i = Vidjdviil < / < 3) and 6 = crd/dcr. 

Lemma 2.2. The period integral <I>r satisfies the following system of differential 
equations: 

r:/,<0 (:/,>() 

(5i,52,53)£'w3> + (mi,m2,m3)50 = -(1 + ri, 1 + r2, 1 + r3)0. 
where the range for i and j in the first equation on the LHS and the RHS is < z < 3. 
Proof Using (|23] ) we get the following differential equations: 

5„,0^' =-5,o;;'l.,, 1 <z<3, 

and 

= -dx O;;-*^, m = (mi , m2, mg), 

where 0m(x) is the marginal monomial. The first differential equation is equivalent 
to the identity 

Itnic-^ aik li = ^ a jk Ij . 

(,/,<0 j,lj>0 

which is true by definition (see (fT2)) ). 

For the second equation, using the above formulas we get that the z-th entry on 
the LHS is 

-a./x,«X)g = -(.,+ l)/«X)g, 

where we used formulas (|23] ) again. □ 
Let us define the row-vector ^ = {^1,^2, ^3) = ^ E^- Note also that the weights 
(q^, q[, q\) of the dual polynomial are precisely (1,1, 1) ^^y' • 

Lemma 2.3. The period integral Or(cr) is in the kernel of the following differential 
operator: 



k=0 ;,/,<0 k=Q \ ' ) i,li>Q k=Q 

where C = Uii(-li/l)'- ■ 



6 + 



li 



, (24) 



Proof. Using the second equation in Lemma 12.21 we can express the derivatives 
5v, = vJ^Si in terms of 6. Substituting in the first equation we get a higher order 
differential equation in cr only. It remains only to notice that the resulting equation 
is independent of v and A. □ 
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2.5.2. Picard-Fuchs equation. Let qJ^ = 0,Iq = -I, and set 



/3i,t = j(qJ+^i + k), 0<k<\li\-l. (25) 



The differential operator in Lemma 12.31 can be factored as the product of a Bessel 
differential operator 

Y\iS + l/3a) (26) 

i,k 

and an operator of the form 

Y](S + l/3,,t') - Ccr' Y]iS + l/3r',k"y (27) 

r,k' i",k" 

This is done simply by factoring out the common left divisors in the two summands, 
i.e.,there is no pairs (i',k') and {i" ,k") in the operator (1771 ). such that, j^i'^k' + 1 = 

Pi",k"- 



Lemma 2.4. The numbers (|25l) satisfy the following identity: 

U-i -0-1 

i:/,>0 k=0 Q<j<3:lj<Q k'=0 

Proof By definition 

= vLf +^, + ^]-^ = y^, = deg</.r. □ 

The action of the operator (1271) on a period integral is again a period integral. 
The latter is holomorphic at cr = 0; therefore, if it is in the kernel of the Bessel 
operator, it must be a polynomial in cr. But a non-zero period integral cannot be 
a polynomial. In other words the period Or(cr) is a solution to the Picard-Fuchs 
equation corresponding to the differential operator (1271) . 

Lemma 2.5. Let x = Co-'; then, depending on the order of the differential operator 
dTTl) the corresponding differential equation has the form 

(1 -X) — Or = deg(^r<l>r, 

OX 



if the order is 1 and 



X(\ - X)—^ + (rr - (1 + QTr + fir)X) - a^fir = 0, 

ox^ ox 
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if the order is 2. In the second case we have the following identity: 

O-r +ySr-rr = deg^r. (28) 



Table 2. 



w 


mi,m2,m^ 


A, ^2, ^3, ^ 


T T 


T 
,^3 


a 




X^ "1~ ^2 


(1,1,1) 


1,1,1,3 


1 

3' 


1 

3' 


1 

3 


\ 

3 


i 2 
3 , 3 


X^X2 + X2 + x^ 


(2,0,1) 


3,-1,1,3 


1 

2' 


1 

6' 


1 
3 


1 

6 


1 2 

2' 3 


X^X2 "i" X2 ~t" 


(0,2,1) 


0,2,1,3 


1 

2' 


1 

6' 


1 
3 


1 

12 


7 2 
12' 3 


X^X2 + X1X2 + ^2 


(1,1,1) 


1,1,1,3 


1 

3' 


1 

3' 


1 
3 


1 

3 


1 2 
3' 3 


^^^2 X1X2 "i" 


(2,0,1) 


4,-2,1,, 3 


1 

3' 


1 

3' 


1 
3 


1 

12 


7 2 
12' 3 


X'^X2 "t" -^2-^3 -^3 


(2,0,1) 


2,-1,1,2 


1 

2' 


1 

4' 


1 
4 


1 
4 


1 1 
4, 2 


X'^X2 + -X^2-^3 -^3 


(0,3,0) 


0,3,-1,2 


1 

2' 


1 

4' 


1 
4 


1 

12 


5 1 
12' 2 


X'^X2 + ^2^3 ^3 


(0,1,2) 


0,1,1,2 


1 

2' 


1 

4' 


1 
4 


1 
4 


1 1 

4, 2 


X^X2 + X^X->i + XjXj 


(1,1,1) 


1,1,1,3 


1 

3' 


1 

3' 


1 
3 


1 

3 


1 2 
3' 3 


X^X2 + X2XJ + ^j^^ 


(3,0,0) 


4,-2,1,3 


1 

3' 


1 

3' 


1 
3 


1 

12 


7 2 
12' 3 



The first part of the Lemma and the identity (1281) are corollaries of Lemma [241 
Unfortunately, we do not have a general combinatorial rule to determine which 
indexes {i' ,k') and (i",k") should appear in (|27l) . In other words, the second part 
of the Lemma is proved on a case by case basis. It is a straightforward tedious 
computation. Explicit values for the parameters of the hypergeometric equations 
are listed in the Appendix. In particular, when (pr = I, Lemma [23] implies Lemma 

3. Gromov-Witten theory and Fan-Jarvis-Ruan-Witten theory 

The proof of Theorem I 1 . 1 [ relies on a certain reconstruction properties of the cor- 
responding GW and FJRW invariants. Both types of invariants can be identified 
with correlators associated with some Cohomological Field Theory (CohFT). Ac- 
cording to Krawitz-Shen |[25l . starting with a certain initial set of 3- and 4-point 
genus-0 correlators, we can determine the remaining invariants using only the ax- 
ioms of a CohFT. The goal in this section is to introduce the CohFTs relevant for 
Theorem 1 1.1 1 and to compute explicitly the initial data of correlators needed for the 
reconstruction. 
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3.1. Cohomological Field Theories. Let // be a vector space of dimension A'^ with 
a unit 1 and a non-degenerate paring rj. Without loss of generality, we always fix a 
basis of H, say y := {5,-, i = 0, . . . ,N - I}, and we set do = 1. Let {5^} be the dual 
basis in the dual space (i.e., 7]{di,d^) = 6j). A CohFT is a set of multi linear 
maps A = {Ag„}, with 

A,,„://^"^//*(Ai,,„,C), 

or equivalently, 

defined for each stable genus g curve with n marked points,i.e., 2g - 2 + n > 0. 
Furthermore, A satisfies a set of axioms (CohFT axioms) described below: 

(1) (5„-invariance) For any cr e S „, and yi, . . . ,y„ e H, then 

Ag,„(7o-(i), • • • , 7o-(n)) = Ag^„(7i, . . . , 7„). 

(2) (Gluing tree) Let 

Ptree '■ Man 

where ^ = + ^2, ^ = + "2, be the morphism induced from gluing the 
last marked point of the first curve and the first marked point of the second 
curve; then 

P*reei\Ayi^---'7n)) 

= J] A,,,„,+i(7i,...,7„„Q')77'^'^A (yS,7„,+i,...,7„). 

Here (?7"''^)a,xw is the inverse matrix of {T](a,/3))i^^i^. 

(3) (Gluing loop) Let 

Ploop ■ 

be the morphism induced from gluing the last two marked points; then 

P*loopi\,niyi^ • • • . 7n)) = ^ Ag_i,„+2(7l, • • • , 7n, a,fi)T]"'^. 

afieSS 

(4) (Pairing) 

Ao,3(l,7i>72) = niruTi)- 



/A10.3 

If in addition the following axiom holds: 

(5) (Flat identity) Let n : Mg^„+i Mgj, be the forgetful morphism; then 

Ag,„+i(7i, . . . , 7«. 1) = ^* Ag^„(7i. • • • . 7n)- 
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then we say that A is a CohFT with aflat identity. 

If A is a CohFT; then there is a natural formal family of CohFTs. Namely, 

DO ^ 

Ag,„(t)(yi, . . . , 7„) = ^ Ag^„+,(yi, . . . ,y„,t, . . . ,t), 

where n : Mg^„+i Mg^„ is the morphism forgetting the last / marked points. Note 
that Ao3(t) will induce a family of Frobenius multiplications on {H,Tf), defined 
by 

77(a«ty8,r)= r Ao,3(t)(«,Ar)- (29) 

Ja1o.3 



The CohFT axioms imply that {H, rj, •() is a Frobenius manifold in the sense of 
Dubrovin The vector space H is called the state space of the CohFT. 

3.2. The total ancestor potential of a CohFT. For a given CohFT A, the correla- 
tor functions are by definition the following formal series in t e //: 

(Tk,{a,),...,TkSan)) (t)= f_ A,,„(t)(Qri,...,a„)iA5'...(A^, (30) 

where (A, is the /-th psi class on A1g,„, a,- G //, and fc,- 6 Z>o. The value of a correlator 
function at t = is called simply a correlator. We call ^ the genus of the correlator 
function and each T,t.(a,) is called a descendant (resp. non-descendant) insertion if 
/r,- > (resp. ki = 0). 

For each basis vector di in // we fix a sequence of formal variables {^[}^o ^'^^ 
define 

CO 

q(z) = XiZ 

then the genus-g ancestor potential is the following generating function: 

1 A' 
(q,t) := J] ;^{q('Ai) + ^Ai, ■ ■ ■ ,q(<AJ + ^A„)^^/t), 

where each correlator should be expanded multi linearly in q and the resulting cor- 
relators are evaluated according to (|30l) . Let us point out that we have assumed that 
the CohFT has a flat identity 1 e H and we have incorporated the dilaton shift in 
our function, so that is a formal series in q/,, k and qi + 1. Finally, the 
total ancestor potential is 



/A- 



(;i;q,t) := exp 



J]^2^-2^f(q,t) 
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3.3. GW theory of elliptic orbifold Let P^, be the orbifold-P^ with 3 orb- 
ifold points, such that, the i-th one has isotropy group Z/o,Z. We are interested in 
the following 3 cases: (01,02,03) = (3, 3, 3), (4, 4, 2), (6, 3, 2). Together with Pj 2 2 2' 
they correspond to orbifold-P's that are quotients of an elliptic curve by a finite 
group. 

The Chen-Ruan cohomology if^^(P^j has the following form: 

3 0,-1 

= 00 C[A,7] C[Aoi] C[Ao2]. 

,■=1 j=\ 

where Aqi = 1 and A02 is the Poincare dual to a point. The classes A,-^(l < / < 3, 1 < 
J < o, - 1) are in one-to-one correspondence with the twisted sectors. The latter 
are just orbifold points, and we define A,y to be the unit in the cohomology of the 
corresponding twisted sector. Our indexing is such that the complex degrees are 

deg = jloi, l<i<3, \<i<Oi-l. 

K 

Let A' be a compact Kahler orbifold and „ ^ be the moduli space of degree-J 
stable maps from a genus-^ orbi-curve, equipped with n marked points, to X. Let 
us denote by n the forgetful map, and by ev, the evaluation at the z'-th marked point 

X 

The moduli space is equipped with a virtual fundamental cycle [A1^„j], such that 
the maps 



defined by 



Aj^^Cci, ...,an):=n, ([M^„,J n ]~[ ev*(a,) ) 

!=1 

form a CohFT with state space //^^(P^^ ^^). The total ancestor potential Jl'^ of 
X is by definition the total ancestor potential of the CohFT. For more details on 
orbifold Gromov-Witten theory we refer to 



3.4. Reconstruction of the elliptic orbifold Gromov-Witten invariants. Recall 
the Chen-Ruan orbifold cup product ★ on //^^(P^^^^^^; C). By definition, the struc- 
ture constants of ★ are defined by the following genus-0 degree-0 correlators: 
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The orbifold Poincare pairing takes the form 

(^/i,f2^yi+y2,ot) /ok,k = ii, i\ + i2 ^ 0; 
^yi+;2,3, ii = h = 0. 



It is not hard to prove (using only the grading and the Poincare pairing) that the 
above 3-point correlators are given by the following formulas: 



l/oi, ii = i2 = is = k e {1,2, 3}, ji + j2 + J3 = Ok, 

{Ai^j^, Ai^j^), (/i,ji) = (0, 1); 

0, otherwise. 

According to [25], we have the following reconstruction result. 

Lemma 3.1. The Gromov- Witten ancestor potential of X = P3 3 3, 4 Pf, 3 2 '■^ 
termined by the following initial data: the Poincare pairing, the Chen-Ruan prod- 
uct, and the correlator {An, A2,\, At, i)'^^^ = 1. 

In particular, using Lemma (13.11) . one can construct a mirror symmetry identi- 
fication between the Gromov-Witten theory of the above orbifolds and the Saito- 
Givental theory associated to certain ISES (see |[25l UJl ). Furthermore, since the 
mirror symmetry identifies the correlation functions with certain period integrals, 
by analyzing the monodromy of the period integrals, one can prove that the Gromov- 
Witten invariants are quasi-modular forms on some finite index subgroups of the 
modular group. The question which modular groups appear was not answered in 
ETll . except for the case E''^'^\ In Section|71 we will prove that for £'^^'''' and ^^^'^^ 
the modular groups are respectively r(4) and r(6). 

Let us conclude this subsection with a computational observation that would be 
nice if one could explain it more conceptually. The non-zero, genus-0, 3-point 
correlators are modular (non-cusp) forms of weight 1 . Let us list the first few terms 
of their Fourier series. Let q = e^"''^^^, for 3 3 the corresponding weight 1 modular 
forms on r(3) are 

' (Ai,i, A2,i, A3,i}^ ^ = q + q^ + 2q'^ + 2^" + • ■ • 
(Au,Au,Ai,i\ = l/3 + 2^^ + 2^'' + 2^^2 + -- - , 
Let q = e2?r'i-/4. P442 the corresponding weight 1 modular forms on r(4) are 
(Ai,i, A2,i, A3,i}^^ =q + 2q^ +q'^ + 2q^^ + ■■■ 
(Au, Au, Ai^2)g ^ = 1 /4 + + + + • ■ • 
(Ai,i,Ai,i,A2,2)^3 =?' + 2^>° + ^'*^ + -- - , 
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Let^ = e^'^'^l^; forP^ 



6,3,2 



the corresponding weight 1 modular forms on r(6) are 




0,3 



0,3 



0,3 



0,3 



0,3 



0,3 



q + lq^ + Iq^^ + Iq^'^ + • • • 
q^ + q^ + lq'' + --- 
q^ + q^ + 2q^^ + ■■■ 



\l6 + q'' + --- 



1/6 + ^ + ^18+^24 + ... 



In each case the listed modular forms give a basis of the vector space of modular 
forms of weight 1 . One can use these modular forms to construct an embedding of 
the modular curve IHI/r(A'^) in a projective space. The example of r(4) is discussed 
in detail by Mumford I0U]| : the image is a quadric in P^. For r(6) we obtain a curve 
in P^ satisfying 9 quadratic equations. We did not check the details, but the same 
exercise that was done in Mumford's book can be repeated in this case as well. 

3.5. FJRW theory of ISES. For any non-degenerate, quasi-homogeneous polyno- 
mial W, Fan-Jarvis-Ruan, following a suggestion of Witten, introduced a family of 
moduli spaces and constructed a virtual fundamental cycle. The latter gives rise to a 
cohomological field theory, which is now called the FJRW theory. In our paper, we 
make use of the FJRW theories associated with the invertible simple elliptic singu- 
larities, i.e., W is one of the polynomials in Table 1 . Let us briefly review the FJRW 
theory only for such W and refer to [[T3]| for the general case and more details. 
Recall the group of diagonal symmetries Gw of the polynomial W is 



The FJRW state space Jifw,Gw (o^ '^w for short) is the direct sum of all Gvi?-invariant 
relative cohomology: 



Here Ci,(h e Gw) is the /z-invariant subspace of C^, Wh is the restriction of W to Ch 
and ReWh is the real part of Wh, and W^ = iRcWhy\M, oo), for some M » 0. 

The vector space 6 Gw) has a natural grading given by the degree of the 
relative cohomology classes. However, for the purposes of the FJRW theory we 
need a modification of the standard grading. Namely, for a given homogeneous 



Gw := (^1,^2,^3) e W(,A,XuA2X2,A,X,) = W(XuX2,X,) 




(31) 



heGw 
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element a e Hf, we define 

3 

deg^y a := deg a + ^(0- - qd, 

i=l 

where deg a is the cohomology degree of a and the numbers 0^' 6 [0, 1) n Q are 
such that 

/^ = (e[0^],e[0^],e[0^'])6(C)^ 

where for j e R, we put e[y] := exp(27r V-Ty). Clearly the numbers 0'' are uniquely 
determined from h. For any a e H^, we define 

0(a):=(e[0?],e[0'^],e[0^']). (32) 

The elements in ///, are called narrow (resp. broad) and ///, is called a narrow 
sector (resp. Z7roaJ sector) if C/, = {0} (resp. Q, {0}). For invertible simple 
elliptic singularities, the space H*{Ch',W^;Q) is one-dimensional for all narrow 
sectors Hi,. We always choose a generator a e Hf, such that 

a:=\ €H*{Ch;W;;;Q). (33) 

In general, in order to describe the broad sectors, we have to represent the relative 
cohomology classes by difi'erential forms; then there is an identification 

(^w,G, = ( i^w.oJkf , Res) , (34) 

heG 

where cof, is the restriction of the standard volume form to the fixed locus C/,, Res 
is the residue pairing, and ( , ) is a non-degenerate pairing induced from the inter- 
section of relative homology cycles. There exists a basis of the narrow sectors such 
that the pairing (vi,V2), v, e ///,,, is 1 if hih2 = 1 and otherwise. The vectors in 
the broad sectors are orthogonal to the vectors in the narrow sectors. In order to 
compute the pairing on the broad sectors one needs to use the identification (l34l) 
and compute an appropriate residue pairing. In our case however, we can express 
all invariants using narrow sectors only. So a more detailed description of the broad 
sectors is not needed. We refer to fT3] for more details. 

Let (W, G) be an admissible pair. A W-spin structure on a genus-g Riemann 
surface C with n marked orbifold points (zi, . . . ,z„) is a collection of (A^ is the 
number of variables in W) orbifold line bundles Xi, . . . , -Cn on C and isomorphisms 

iff a ■ Ma{£.U -Cn) iOc(-Zl Zn), 

where coc is the dualizing sheaf on C and Ma are the homogeneous monomials 
whose sum is W. The orbifold line bundles have a monodromy near each marked 
point Zi which determines an element hj e G. In particular, if H;^. is a narrow 
(resp. broad) sector we say that the marked point is narrow (resp. broad). For 
fixed g, n, and hi,. ..,h,j G G, Fan-Jarvis-Ruan (see [|T3l ) constructed the compact 
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moduli space Wg^„{hi, ■ ■ ■ ,/z„) of nodal Riemann surfaces equipped with a V7-spin 
structure. In this compactification the line bundles (Xi, . . . ,-Ln) are allowed to 
be orbifold at the nodes in such a way that the monodromy around each node is 
an element of G as well. The moduli space has a decomposition into a disjoint 
union of moduli subspaces '^g,n(J'hi,...,h,) consisting of VF-spin structures on curves 
C whose dual graph is F/^ Recall that the dual graph of a nodal curve C is a 
graph whose vertices are the irreducible components of C, edges are the nodes, and 
tails are the marked points. The latter are decorated by elements hi 6 G, so the 
tails of our graphs are also colored respectively. We omit the subscript {hi,. . hn) 
whenever the decoration is understood from the context. The connected component 
#^_„(r/,j /,J is naturally stratified by fixing the monodromy transformations around 
the nodes, i.e., the strata are in one-to-one correspondence with the colorings of the 
edges of the dual graph r/,j_... _/,„. 

Fan-Jarvis-Ruan constructed a virtual fundamental cycle \Wgn(J')Y" of >^,„(r) 
(see [El), which gives rise to a CohFT 

For brevity put for A^;,^*^. Let us list some general properties of the FJRW 
correlators of a simple elliptic singularity W, see lfT3ll for the proofs. 

/ \^ 
(Selection rule) If the correlator (Tk, (aO, . . . , Tk {a„) ) is non-zero; then 



Y^AQg^{ai) + Yj^i = 2g-2 + n. (35) 

i=l i=\ 

(Line bundle criterion). If the moduli space Wg^„{h\, . . . , /z„) is non-empty, 
then the degree of the desingularized line bundle is an integer, i.e. 

n 

degdX.I) = qj{2g -2 + n)-Y^ @']' 6 Z. (36) 

k=\ 

(Concavity) Suppose that all marked points are narrow, n is the morphism 
from the universal curve to Wgjr{h\, . . . , h„) and tt* X; = holds; then 



[#^,,„(/zi,...,/z„)r = ctop 



A n {Wg,lhu . . .,K)]. (37) 

< (=1 / 



Let a, = 1 6 Hh., 1 < ?' < 4 be the generators (cf. (I33l)). The concavity for- 
mula (l37l) implies that h^^{a]_, . . . , 0-4) 6 //*(A1o,4, C). According to the orbifold 
Grothendieck-Riemann-Roch formula (see dH, Theorem 1.1.1) h^^{a\, . . . , a^) is 



i=l 



;=1 rero,4.M'('ii,-,/u) 



(38) 
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where B2 is the second Bernoulli polynomial 




[F] is the boundary class on Mg^n corresponding to the graph F, and ro,4,w(^i, . . . , /z4) 
is the set of graphs with one edge decorated by G^t. The graph F has 4 tails deco- 
rated by hi,h2, /?3, /?4 and its edge is decorated by hr. Due to (l36l) . the moduli space 
#o,4(/?i, . . . , /?4) is non-empty only if hy satisfies an appropriate constraint involving 
hi, . . .,h4. It is easy to see that the formula does not depend on the choice of hr- 

3.6. Generators of the FJRW ring. Let be the Berglund-Hiibsch-Krawitz 
mirror of W. From now on, we will consider W as an ISES in Table ([T]). We 
consider the FJRW theory for (W^ , Gw^) and the Saito-Givental theory for W. 

Since J^t := M'^^t is the state space of a CohFT, it has a Frobenius algebra 
structure, where the multiplication • is defined as follows: 



For ISES the product • (when G = Gw^ is maximal) was computed by M. Krawitz 
(see ||23l ). More precisely, he constructed a basis of J^^t, which gives rise to an 
isomorphism between the Frobenius algebra J^w'^ and the Milnor ring 

Now we give an explicit description of the generators. For a general description 
of the ring morphism J^^t ^-w, we refer the interested reader to Il23]| . Since 
some of our ISESs are equivalent to 2- variable singularities of chain type or of loop 
type, we also refer to [fT5| and ^ for those particular examples. 

For every ISES , there exists a vector n = (ni, ni, "3) 6 such that 



In particular, we can identify the vector n with the group Gwt. We assume > 




GwT = Z/hiZ X Z/n2Z x Z/nT,Z. 




Let h = (z, J, k) e G^t . If 

I < i < rii, 1 < 7 < ^2, 1 < k < rij, 
then Hh is a one-dimensional space of narrow sectors. Let 

e;j,, := 1 e//«(C,;Wr;Q). 



X (11) 

Example 3.2. We compute the FJRW ring for loop singularity W , with W £ . 
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All nonzero 3-point genus-0 correlators are 

(ei,ei,ei)^^ = (64,64,64)^^ = (67,67,67)^^ = -2; 
(e3,ei,e9_i)^^ = (61,64,67)^^ = 1. 

The first row uses Index Zero Axiom (see WS\ ) and the second row uses Concavity 
Axiom (|37]) . It is easy to see 63 is the identity element and the ring relations are 

2 ei • 64 + 67 = 2 64 • 67 + Bj = 2 67 • ei + 64 = 0. 

Thus we obtain a ring isomorphism between M'-^t and ^y^: 

Pl= 64 1-^X1, P2= 611-^X2, p3= 67 1-^X3. 

For all 13 types of ISESs with a maximal admissible group, there is a unique 
narrow sector p_i, with deg,yr(p-i) = 1 and 

0(p^i):=(l-^[, 1-^2^1-^1)- 

There are 13 types of ISESs, but only 9 of them do not have broad generators. The 
narrow sectors have the advantage that we can use the powerful concavity axiom 
(137]) . Combined with the remaining properties of the correlators and the WDVV 
equations this allows us to reconstruct all genus-0 FJRW invariants. According to 
the reconstruction theorem in [|25L we can also reconstruct the higher genus FJRW 
invariants, i.e., the total ancestor potential function s^^j^^^- 

In the remaining 4 cases, we can offset the complication of having broad genera- 
tors only for = X\-^ XyXj + X2X3. The maximal abelian group is of order 12. 
Its FJRW vector space has eight generators: 

ei,e3,e5,e7,e9,eii,i?4,i?8. 

Here R4 and are the cohomology classes represented by the following forms: 

Rh = dXi A dX2 e H^(Ch; Q), h = 4,Se G^t. 

Note that 7?4 and i?g are Gi^r -invariant elements in ^Wi,(^h where h 6 Gi^r acts on 
each factor X,, such that dXi is a divisor of (On, as multiplication by e[qj]. Although 
one of the generators (R4) is broad, we have enough WDVV equations to reconstruct 
the correlators containing broad sectors from correlators with only narrow sectors 
and apply the concavity axioms. 

For the other three types of ISESs, we can still compute some genus-0 4-point 
correlators with broad sectors, but we could not reconstruct the complete theory 
only from correlators with narrow insertions. In other words, for 10 out of the 13 
ISESs we can compute all FJRW invariants. These cases and the corresponding 
generators p, of the FJRW ring J^w^,g t listed in Table [2] below. 
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Table 3. Generators of the FJRW ring in the case (^^g ''^) 







0(e,-,;,^) 


Pi 


P2 


P3 




P-1 




(3,3,3) 


e[|],e[i],e[|] 


62,1,1 


ei,2,i 


ei,i,2 


^2,2,2 


= P1P2P3 


X^X-i, + X\X2 + ^2-^3 


8 


e[|],e[f],e[-f] 


64 


ei 


e? 


66 = 


= P1P2P3 


X^ + XiXj + X2-X3 


12 


e[i],e[-^],e[j^] 


i?4 


ei 


e? 


69 


= P2PI 



Table 4. Generators of the FJRW ring in the case (E^ 







0(6/,;,^) 


Pi 


P2 




P-1 


X'^ ~\~ ^2 ~^ -^3 


(4,4,2) 


e[i],6[|],6[i] 


e2,i 


ei,2 


62,2 


2 2 
= PTP2 


X^X2 + X1X2 + x^ 


(8,2) 


e[-f],6[i],6[i] 


ei 


65 


66 


2 2 
= PIP2 


X'^ + Xi X2 + x^ 


(12,2) 


e[^],6[j^],6[i] 


ei 


65 


eio 


= P1P2 


X^ + X1X2 + X2X^ 


12 


e[|],6[-|],6[^] 


65 


ei 


68 = 


-5P]P2 



Table 5. Generators of the FJRW ring in the case 





GwT 


0(e,-,;,i.) 


Pi 


P2 




P-i 


xf + xl+ xj 


(6,3,2) 


e[|],6[i],6[i] 


e2,i 


ei,2 


65,2 


= P\P2 


X^ + XiXj + ^3 


(6,3) 


e[f],6[|],6[i] 


ei,i 


62,2 


64,2 ■■ 


= P1P2P3 


X^ + X1X2 + xj 


(12,2) 


e[i^],6[j^],6[i] 


62 


67 


69 


2 2 
= PlP2 



3.7. Classification of ring structures. For any special limit in the Saito-Givental 
theory for invertible simple elliptic singularities, the first step of the classification 
is the ring structure. Let us first focus on special limits at cr = 0. According to 
Saito f33^ simple elliptic singularities are classified by their Milnor number and the 
elliptic curve at infinity. It follows that the Milnor rings of the ISES with 3 variables 
can be classified into 6 isomorphism classes parametrized by the pairs consisting of 
the Milnor number /u = dim and the 7- invariant of Ea-=Q: 

(1) (m, i) = (8, 0) : = X\ +Xl +Xl,XlX2 +Xl +Xl,XlX2 +XiXl +Xl,XlX2 + 

(2) (M, j) = (8, 1728) : W = X]X2 + XjX, + Xj. 

(3) (//, i) = {9,Q):W = XIX2 + X\ + Xl,XlX2 + XjX^ + Xj. 
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(4) (ju, j) = (9, 1728) ■.W = X'l+X^+ X^, X\X2 + + X\, X\X2 + XyX\ + X\. 

(5) (yu, 7) = (10, 0) : = + + X2,X^X2 + + X\. 

(6) (yu, = (10, 1728) : W = X^Xs + X^ + Xj. 

For any two polynomials in the same list, it is easy to find a linear map between 
the generators Xi,X2,X3 of the corresponding Milnor rings, such that it induces 
a ring isomorphism. Let us point out that the choice of such linear maps is not 
unique in general. Moreover, we can always adjust some constants such that the ring 
isomorphism will be extended to an isomorphism of Frobeniu manifold, as well as 
an isomorphism of the corresponding ancestor total potential. See the discussions 
in Section [3^ 

3 .8. Reconstruction of all genera FJRW invariants. 

3.8.1. Review of the reconstruction. For an ISES , its total ancestor potential 
can be reconstructed from genus-0 primary correlators. This technique is 
already used in [|25l for three special examples of ISESs. As the reconstruction 
procedures used there only require tautological relations on cohomology of moduli 
spaces of curves and the FJRW ring structure, we can easily generalize to all other 
examples. We sketch the general procedures here and refer to [|25l for readers who 
are interested in more details. There are three steps. 

First, we express the correlators of genus at least 2 and the correlators with de- 
scendant insertions in terms of correlators of genus-0 or genus- 1 with non-descendant 
insertions (called primary correlators). This step is based on a tautological relation 
which splits a polynomial of (/^-classes and /c-classes with higher degree to a linear 
combination of products of boundary classes and polynomials of i/^-classes and k- 
classes of lower degrees. This is called ^-reduction. The reason why g-reduction 
works in our case is that the Selection rule imposes a constraint on the degree of 
the polynomials involving i//- and k- classes (see Theorem 6.2.1 in fil3] ). In general, 
for an arbitrary CohFT this argument fails and one has to use other methods (e.g. 
Teleman's reconstruction theorem). 

Next, we reconstruct the non-vanishing genus- 1 primary correlators from genus 
primary correlators using Getzler's relation. The latter is a relation in H^{Mi^4), 
which gives identities involving the FJRW corrletors with genus and 1 . In order to 
obtain the desired reconstruction identity, i.e., to express genus-1 in terms of genus- 
correlators, one has to make an appropriate choice of the insertions corresponding 
to the 4 marked points in Mi4 (see Theorem 3.9 in ll25l ). 

Finally, to reconstruct the genus-0 correlators we use the WDVV equations. We 
say that a homogeneous element a e .W-^t is primitive if it cannot be decomposed 
as a product a' • a" of two elements a' and a" of non-zero degrees. We also say 
that a genus-0 correlator is a basic correlator if there are at most two non-primitive 
insertions, neither of which is the identity. We use the WDVV equation to rewrite a 
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primary genus-0 correlator which contains several non-primitive insertions to cor- 
relators with fewer non-primitive insertions and correlators with a fewer number of 
marked points. Again the Selection rule should be taken into account in order to 
obtain a bound for the number of marked points. It turns out that all correlators are 
determined by the basic correlators with at most four marked points (see Lemma 
3.7 in (251). 

Lemma 3.3. For an invertible simple elliptic singularity the total ancestor 
FJRW potential of (W^ ,Gwt) is reconstructed from the pairing, the FJRW ring 
structure constants and the 4-point basic correlators with one of the insertions be- 
ing a top degree element. 

3.8.2. The 4-point genus-0 FJRW invariants. Let S(pi,p2,p3) be a degree 1 mono- 
mial with leading coefficient 1. For simplicity, we denote by (S,p_i)^4 a basic 
correlator such that the first three insertions give a factorization of S. For example, 
let S(pi,p2,p3) = P1P2; then the notation {E,p_i)^^ represents any of the following 
choices of correlators: 



The WDVV equations guarantee that {E,p^i)^^ does not depend on the choices of 



'0,4 

the factorization. 



Lemma 3.4. Let be an ISES; then all FJRW correlators for (W^,Gwt) can 
be reconstructed from the FJRW algebra, and the basic 4-point FJRW correlators 
(S,p_i)^4. Furthermore, ifW^ is an ISES as in Tables\3\M or\5\ then 



(^(pi,P2,P3),P-iL = . (39) 



if^ = M,-, 
otherwise. 

where Mi are the homogeneous monomials such that W = M\ M2 -1- M3. 

Proof. In [|25| Theorem 3.4, it was proved for three special simple elliptic singulari- 
ties W^ = Xl -i-Xl -i-Xl,Xl +X2X2 and X^ -i-XiX^ -i-X^, their FJRW correlators 
with symmetry group Gw'r can be reconstructed from their FJRW algebra and some 
basic 4-point correlators. We apply the same method to all cases of simple elliptic 
singularities here. Finally, using WDVV equations in each case, it is again not hard 
to verify all 4-point basic correlators without insertion p_i can be reconstructed too. 

For the second part of the lemma, we use WDVV and concavity to compute 
FJRW correlators. We show the argument works for singularities of Fermat type and 

of loop type. Other cases are similar. For a Fermat type singularity, put M, = X^'^^' , 
since all insertions are narrow, we apply the Concavity Axiom (1381) to compute 

{pi,pup/'- ,P-i)^^. (40) 
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Note that deg ^ = -2 and the degree shifting numbers are (IqJ , 2qJ, 1 -qj, 1 -qj), 
thus the dual graphs will have ©r = 0, 0, 1 - 3qJ. The correlator (|40l) becomes 

^ (B2iqJ) + B2{1 - 3qJ) + 2^2(0) - 2B2iqJ) - IB^il - qJ)) = qJ . 

For loop type, = X\X^+XxX\-^X{K\- Let us compute ^pi,pi,p25P-i)p^ , which 
is not concave. However, the Concavity Axiom (l38l) implies 

(62,64,67,62)^^ =--. 



On the other hand, WDVV equations show 



(ei • 64, 64, 67, 62)^ ^ + (ei , 64, 64, 67 • 62)^ ^ = (67 • 64, 64, 61 , 62)^ ^ ; 

/ I I 

(64 • 64,61,67,62)^^ + (64,64,61,67 • 62) ^ = (64 • 67,61,64,62) ; 

k \ '0,4 \ '0,4 \ /0,4 



We observe up to symmetry, ^65, 61, 67, 62)^^ = ^68, 61, 64, 62) 
relations in Example 13 .21 we obtain 



0,4 ■ 



Recall the ring 



{py,Py,P2,P-\)^^ =(64,64,61,65)^ 
3.9. Classification of FJRW theory. 



A 



-. □ 

3 



Lemma 3.5. If Wi and W2 belong to the same equivalence class, then there exists 
a linear isomorphism *P : J^yfT ^^wl ^^^^ induces an isomorphism of the FJRW 
rings and the corresponding 4-point basic correlators with a degree 1 insertion. 
According to the reconstruction lemma 13.31 all higher genus FJRW correlators of 
(Wi,Gwi) and (W2, Gw,) are identified under this ring isomorphism. 

Proof. In order to prove the lemma we will construct explicitly a linear isomor- 
phisms ¥ inducing the ring isomorphisms; then one has to check that they also 
preserve the corresponding 4-point basic correlators with a degree 1 insertion. 

For simplicity, we add a superscript on the ring generators for each singularity. 
The superscripts /, c or / mean that the singularity is respectively of Fermat, chain, 
or loop type. A superscript with two entries means it is a sum of two different 
types. Let us take the first and the last FJRW rings in the case of Qx, j) = (8,0) as 
an example. We choose a linear transformation. 





p{lh 




1 


1 


1 




( If \ 
Pi 




p{ul 




1 


6[i] 


6[f] 




If 
Pi 








. 1 


6[|] 


6[i] 




If 

[P3 ) 



30 



TODOR MILANOV AND YEFENG SHEN 



The parameters Ai,A2,At, could be chosen to be arbitrary non-zero complex num- 
bers. The relations in the FJRW rings do not depend on the choice. However, we 
have to choose /I, in such a way that the basic 4-point correlators agree, i.e.. 



4-^2^3 = e[^] A,A% = e[^] ^1^2^ = 



(41) 



p-i= p{* p{* pi^ p-i 



p\ •p\*p\- 



We notice that 
Now one can check that 

(¥(p{),¥(p{),¥(p{),^(p{j))^^ = -8Ut^2i3{p'l,p'l>PpP-l)o4 = \- 

We check all the nonzero 4-point genus-0 correlators listed in Lemma [34l and obtain 
the other two identities in PTI) . 

The other cases are similar. Let us list the corresponding linear transformations 
which preserve FJRW correlators of all genera. We are only interested in those 
singularities listed in Table [31 |4l[5l 

. (//,7) = (9,0), 



'P\' 



\P2 ) 

(//,J) = (9,1), 



A^ 



' f 
Pi 

J 



V Pi ) 

(//,;■) = (10,0), 



^1 

-A2 



Ai 

A2 



\f cf \ 

Pi 
Pi 



/ // ^ 
Pi 



— 2/lj/^2 — 8/I1/I2 — 1. 



Pi ) 



-64A^iAl = 6AA\aI = 1. 



' f ^ 
Pi 

\ P{ 



( cf \ 

Pi 

cf 

Pi 



%A^!^A2 = -2A\A\ = 1. □ 



In particular, we have proved part a) of Theorem 1 1.51 

Remark 3.6. In next three sections, we can compute all basic 4-point genus-0 
correlators in Saito-Givental theory for ISESs. Thus we can also apply the same 
method here to identify two special limit points of Saito-Givental theory, if they have 
isomorphic ring structures. This gives a complete classification for the special limit 
points. All the ring structures are listed in Section \3.7\ except those special limit 
points with j(cr) = 00. The ring structure at those points should be isomorphic to 
Chen-Ruan cohomology ring of elliptic orbifoldF^ see Section\5\and Section^ Let 
us also point out here that every special limit point has a geometric mirror 
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4. Mirror symmetry at cr = 0. 



Our goal is to prove Theorem ll.il a). According to the reconstruction results in 
FJRW theory (see Lemma [J4l ) we need to compute certain 3- and 4- point genus- 
correlators in Saito's theory and compare them to the ones in the corresponding 
FJRW theory. 

4.1. The Saito-Givental CohFT. The higher-genus Saito-Givental CohFT is in 
general defined only at semisimple points s e S , because the asymptotic opera- 
tor 7?(s,z) (see Section [2.4. II ) has singularities along the caustic "K (Z S consisting 
of non-semisimple s. However, the genus-0 part of the Saito-Givental CohFT is 
well defined for all s e S. The logic of our argument is the following: we iden- 
tify first the genus-0 CohFTs; then we use that the higher-genus reconstruction of 
the correlation functions (see Section [X8l) works for both theories. There are two 
conclusions from this. First, the FJRW total ancestor potential is convergent at all 
semisimple s e <S, such that a = s^^i is sufficiently close to and it coincides with 
the Saito-Givental ancestor potential J[s{Ti\ q) (see (|20l)). The second conclusion is 
that ^{fi; q) extends holomorphically through the caustic "K. 

There is an alternative way to proceed provided that we know that the genus-0 
CohFTs are the same. It is based on Teleman's classification of semisimple CohFTs 
ll36l . We refer to Section 5 in ["28] for more details. The advantage of this approach 
is that one can prove a stronger result. Namely, the higher-genus Saito-Givental 
CohFT (not only its ancestor potential) extends through the caustic TC. 

The details in the proofs of the above statements can be found in Lemma 3.2 in 
ETl for the case of ancestor potentials only and in Proposition 5.5 in Il28l for the 
CohFTs. Let us point out that, in general, it is expected that the Saito-Givental 
CohFT extends through the caustic for all singularities, but this is still an open 
problem. 

4.2. B-model 3-point genus-0 correlators. We continue to use the same notation 
as in Section [231 Namely, let W = M\ + M2 + M-ihe an ISES with a miniversal 
deformation given by a monomial 0m (x), m = (m\,m2, m^). We choose a primitive 
form u) = d^x/n(cr) in a neighborhood of cr = 0, such that 7r(cr) is the solution to 
the Picard-Fuchs equation ([T3] ) satisfying the initial conditions ;r(0) = c, n'{0) = 0, 
where the constant c is such that the residue pairing (see ((H)) satisfies 



Let {tr} be the flat coordinate system, such that tr(0) = and the flat vector fields 
dr := d/dtr agree with d/dsr at s = 0. 

The primitive form induces an isomorphism between the tangent and the vanish- 
ing cohomology bundle via the following period mapping: 



(l,0m>ls=O = 1 • 




(42) 
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where 6^ is some homogeneous polynomial (in x) of degree deg(0r)- Note that the 
Kodaira-Spencer isomorphism takes the form 

didt, ^ 5r(s, X) mod {Fx, , Fx,, Fx,). (43) 

By definition, the restriction of the 3-point correlators to the marginal deformations 
subspace is 

/ \ ^n(o', x)5,.2(cr, x)(5,-3(cr, x) cPx 

(Sr, , 6r, , 6r, ) = RcS ^ — — . (44) 

\ - '0,3 idxiW^)idx2W^)idx,W^) n(o-)^ 

Note that the 3-point correlator depends only on the product S := d^^Sr^Sr^,- There- 
fore we can simply use the notation (H)o,3 instead. Finally, definition (l44l) makes 
sense even if we replace r = ri,r2,r3 by arbitrary polynomials, not only the 
ones that correspond to flat vector fields via (|43] ). 

4.3. B-model 4-point genus-0 correlators. Let be the genus-0 generating 
functions for the Frobenius manifold of miniversal deformations near the origin. 
By definition. 



t=0 



(45) 

o-=0 



Thus, using that d/dcr = 6m at cr = 0, we get 

In order to compute 4-point correlators of the form (l45l) it is enough to determine 
(5r(cr,x) up to linear terms in cr. To begin with, we notice that (pr+m lies in the 
Jacobian ideal of Wo-. More precisely, the following Lemma holds. 

Lemma 4.1. There are polynomials grj g C[(t,Xi,X2,Xi,] such that 

3 

(1 - Ccr') (pr+m = ^ grJ diWo- 
i=l 

This Lemma can be proved in all cases by using Saito's higher residue pairing. 
However, in what follows, we need an explicit formula for 

gr ■= {gT,U gr,2^ gT,3) ■ 

Therefore we verified the lemma on a case-by-case basis. Some of our computations 
will be given below. The remaining cases are completely analogous. 

There are several corollaries of Lemma l4~n First of all, note that under the period 
map the Gauss-Manin connection takes the form ^ (with z = -5^' • It follows 
that if deg(0r) is not integral, then the restriction of the section P2l) of the vanishing 
cohomology bundle to the marginal deformation subspace must be flat, i.e., the 
sections 

[6rOj]{cr):= J 6r(cr,x)-^, deg(0r) ^ Z (46) 
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are independent of cr. Furthermore, using formulas (l23l) for the Gauss-Manin con- 
nection we get 



1=1 

Both sides must have the same degree, i.e., 

o 

(1 - Ccr')— Or = J] Cr,r'(cr)Or., (47) 
r' 

where the sum is over all r', such that deg (pj. = deg (pr' and Cryicr) 6 C[cr] are some 
polynomials. 

Lemma 4.2. Suppose deg((^r) i fhen we have 

6r = (pr-(T Yj Cr,r'(0) <pr' + 0(cr\ (48) 

where 0(cr^) denotes terms that have order of vanishing at cr = Q at least 2. 

Proof. Follows easily from (|47]) . We omit the details. □ 
Let M e C[x] be a weight- 1 monomial with leading coefficient 1. Our next goal 
is to evaluate the following auxiliar expression: 



lo-=0 ' 



Lemma 4.3. The number (M, 0„,)o,4 '■^ non-zero ijf M = Mi for some i = 1, 2, 3. In 
the latter cases the numbers are given as follows 

(<Mi,0,„)o,4,<M2,^,„)o,4,(M3,0„)o,4) = -{mum2,m^)Elf^ . (49) 

Proof. For the second part, we apply the operators X, = 1 , 2, 3, to the identity 

and take the residue. We get 

<Mi)o,3 au + <M2>o,3 + (^3)0,3 ^3/ = -(rmt <0„)o,3- 

It remains only to differentiate with respect to a and set cr = 0. 

For the first part, because M is a weight- 1 monomial with coefficient 1, we can 
use the relations in the Milnor ring of Wg- to rewrite M as a product of 4>m and a 
function of cr. Let us write M = h{cr) (f>„j. For example, in the Fermat '^^ case. 

If M Mi, i = 1,2,3, then h{cr) either does not vanish at cr = or vanishes at 
cr = with order at least 2. In both cases, (M, 0„,)o,4 vanish. □ 
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Now we are ready to compute the 4-point correlators that are needed for the re- 
construction of the CohFT. Let 6r{s, x), r = ri, r2, r3 be polynomials corresponding 
to the flat vector fields d/dtr via the Kodaira-Spencer isomorphism (1431) . Put 

H(S,X) = 6r,(S, x)6r2(S, x)6r,(S, X). 

Note that S(0, x) is a homogeneous monomial (see (1481) ') with leading coefficient 1. 
Lemma 4.4. The 4-point genus-0 correlators with a top degree insertion 6m are 



Proof. The same argument as in the proof of the first part of Lemma 14 . 3 1 also works 
for H(cr, x). Thus li'Ri^ Mi, i=l,2,3, we have 



In order to finish the proof we need only to compute the correlators when S(0, x) = 
Mi for some / = 1, 2, 3- Note that the diagonal entries of the matrix are always at 
least 2 (see Table[il). Therefore, it is enough to compute the following correlators: 



We do not have a uniform computation since we need to use Lemma l4~2l for which 
the coefficients Cr,r'(0) can be computed only on a case-by-case basis. Let us sketch 
the main steps of the computation in several examples, leaving the details and the 
remaining cases to the reader. We will make use of the notation 



which means first order approximation at cr = 0, i.e., 5(cr, x) - 0(cr, x) = 0{a^). 

Case 1: W = Xl+Xl+Xle E^^^ and 0,„ = Since W is symmetric in 

Xi,X2,Xt, it is enough to compute only one of the correlators, say S = Mi. After a 
straightforward computation (the notation is the same as in Lemma |4~T1) we get 




,ifR{Q,x) = Mi 
, otherwise. 





SG 



6(cr, x) « 0(cr, x), 5, e C[x], 





SG 



1 
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Case 2: W = + + Xj e E^^'^^ and 0,„ = X^X^. In this case M3 = in the 
Milnor ring of W and W is symmetric in Xi and Xj. It is enough to compute only 
one of the correlators, say the one with S(0, x) = Mi. We have 



/I cr \ 

^100 = [■^(t>020,--^((>no,0) 

It follows that 

Swo ~ 0100' 
Using formula (l49l) we find 

(^100, ^100, ^400, ^m)^ 



-'200 



cr 



1,4 



Ca^e J; W = Z^Zj + + e and 0,„ = X1X2X3. In this case, since M2 = 
in the Milnor ring, we need to compute two correlators. We have 







,?100 




^010 




, ,?001 ^ 


V 



^001 - 710200 Tx^i 



54 

1 o-^ 
S02O1 + ^^^110 



110 



18 

5^111 

^2 



f 0010 

,2 

9 



■5-0210 



•f0OlO - §40101 ^0011 ^0110 

It follows that we have the following linear approximations: 

6100 ~ Oioo, ^001 ~ ^001: ^110 ~ ^110- 

The correlators then become 

(^100. ^IOOj ^110> (^m) ~ (^001 > ^001 > ^001 > ^m) 



SG 
0,4 



1 

'3 



Case 4: The Fermat type E''^'^\ i.e. W = X^ + X^ + X^ and 0„, = X|X2. In this case 
M3 = 0, so again we have to compute two correlators. We have 

,2 2c- - 

It follows that the first order approximations that we need are 

5ioo « ^1007 <^010 * ^OIOj ^400 



/I cr^ 2(T \ / cr 1 

^100 = (^0020 + 2^0200, ^0300, Oj, goiQ = [ - Yg03OO + 2^0110' ^^400, Oj- 



cr 



^400 + 2-(t»210- 



1 

. □ 

3 



Formulas (1491) and (gSJ) imply 

; \SG 1 / \SG 

\5l00, ^100, ^400, ^m/jj^ = \3oiO,Soio,6oiO,SmJ^^ 

Comparing the 4-point correlators in Lemmas |3 .41 and |4~4l we see that they have 
opposite signs. It is not hard to see that if we rescale the primitive form by (-1); 
then the 3-point correlators in the Saito-Givental theory do not change, while the 
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4-point ones change their sign. Therefore, we rescale the primitive form by -1 and 
define the map 

where pr = Pj'pa^Ps' • Lemmas 13.41 and 14.41 imply that the above map is a mirror 
symmetry map, i.e., it identifies the correlators of the FJRW theory of {W^,Gwt) 
and the correlators of the Saito-Givental theory of W. Theorem 1 1.1[ a) is proved. 

5. Mirror symmetry at cr = p^.. 

The goal in this section is to prove Theorem 1 1.1[ b). It is enough to prove the 
Theorem only for one of the points pk = C'^^^rf, I < k < I. The remaining cases 
follow easily due to the Z//Z-symmetry of 2. According to the reconstruction 
Lemma IBTTI we need to construct an appropriate mirror map, i.e., an isomorphism 
between the Chen-Ruan orbifold cohomology ring and the Milnor ring =2vt/, such 
that after choosing an appropriate primitive form the Poincare pairing is identified 
with the residue pairing and the 3-point correlator (see Lemma im ) is the same for 
both the GW and the Saito-Givental CohFTs. 

We do not have an explicit universal formula for the mirror map that applies to 
all cases. We have an algorithm that can be used on a case-by-case basis. Our first 
goal is to describe the algorithm and then apply it in several cases. The remaining 
cases can be done in a similar way. 

5.1. Construction of the mirror map. The primitive form is chosen to be a; = 
d^x/jTAicr), where the cycle A e Hi{Ea-) is invariant with respect to the local mon- 
odromy around cr = pi,. Recall that ;r^(cr) is a solution to the Picard-Fuchs equation 
(12.11) . The latter has near cr = pt Si basis of solutions {F\^\x), F^^\x)} given by for- 
mula dTTI ). The invariance of A implies that 

TiAicr) = Aw F'^\x) (50) 

for some scalar Aw &C*. We choose a second cycle B e Hi{Ea), such that 

7rB(cr) 

T := 

7rA(cr) 

is the modulus of the elliptic curve Ea-\ then we have 

ns{cT) = ^^[F^\x) + K'.F^:\x)), (51) 

where K, K' are constants whose values are given as follows (the computation is 
given in Section ITTTl Lemma 17711 ). The j-invariant of Eg- has the form (|63l ) for some 
polynomial P{(t) and some integer A''. Then 

K = N, r = -i In P{pk). 



GLOBAL MIRROR SYMMETRY FOR ISES 



37 



Note that 

where K" is some constant and the index A on the LHS indicates that we are com- 
puting the residue pairing (U) with respect to the primitive form co. Since the residue 
pairing must be identified with the Poincare pairing, the mirror map should satisfy 

Aoi ^ 1, Ao2 ^ K"il - C o-')(f>.iix)nl. (53) 

The next step is to identify the divisor coordinate to2 in the orbifold GW theory and 
the modulus t. We define 

to2 = U:= — - — T, (54) 

where L = 3,4,6 respectively for the elliptic orbifolds IP3 3 3, ^1 4 2' ^6 3 2- 
Since 

/. . \ / d \ do- dT I d \ do- dr 1 \ 
1 = (A.„ A..) = (1,—) = -—(1, = 

we get 



= (In ^IL) — = (2n V-i/L) 



K"il -Co-')7rl 'do- nl 

Note that n'^ tta - n'^ is the Wronskian of the Picard-Fuchs equation (12.11) . so it 
must be proportional to (l-C o-')~^ . The proportionality coefficient can be found by 
comparing the Laurent series expansions at cr = pi,. Namely, it is A^lC^l^if. 
This determines the value of /l^, 

2 _ ^ 
" ~NK"lOI'r]^' 

The most delicate part of constructing the mirror map is finished. In order to 
complete the construction, we need to identify the twisted cohomology classes A,y 
with monomials 5r(cr, x). The key observation is that the sections 



5r((r,x)— (56) 

of the vanishing cohomology bundle of Wa- are flat with respect to the Gauss-Manin 
connection. This way our choice of 6r depends on an invertible matrix of size 
(jU - 2) X (yu - 2). The correlation functions in the Saito-Givental CohFT are invariant 
with respect to the translation 1-^ t^Y +27r V-T, i.e., we can expand the correlation 
functions into Fourier series in ^ := e' '. The coefficient in front of q'^\ d £ Z,, is 
called the degree-d part of the correlator function. By taking the degree-0 part 
of the 3-point functions, we obtain a Frobenius algebra structure on the Milnor 
ring £2w that under the mirror map should be identified with the Frobenius algebra 
corresponding to the Chen-Ruan orbifold (classical) cup product. Using also that 
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the mirror map preserves homogeneity we obtain a system of equations for the 
matrix. It remains only to see that these equations have a solution. Let us list the 
explicit formulas for the mirror map for several examples. We omit the details of 
the computations, which by the way are best done with the help of some computer 
software (e.g. Mathematica or Maple). 

5.2. Large complex structure limit point for Wa- = Xl+Xl+Xl + crX 1X2X3. For 
this example x = -cr^/n, i.e., C = -1/27 and 1 = 3. The j-invariant is 

o-\-2\6 + (ry -27jc(8 + jc)3 



ji<T) = - 



(27 + (t3)3 



We have pi = -3 and 



K = N = 3, A02 = 27(1 - x)X,X2X,ni, 



which implies that Aw = ±1. We pick 1^=1- 
The Fourier series of I - x'mq = e^'^"'/^ is 



l-x = -21 q - 32 V - 2430^^ - 13716^^ + 



(57) 



Let 



r = (1,0,0), (0,1,0), (0,0,1); r' = (1, 1, 1) - r. 
A natural basis for the flat sections with non-integral degrees are 

6r = {l- XY'^M^) ^A, Sr' = (1 - xf'M^) ^A- 

Applying (|44l) . we know the non-vanishing correlators ^ • ■ • ^ ^ are 

The mirror map is given by (|531) . (I54l ). and it identifies the ring generators as fol- 
lows: 



/ \ / 


All 




A21 




A:!l 







1 1 1 

1 e[|] e[|] 
1 e[i] e[f]J 



^1,0,0 
Vi.o 

V^O,0,l y 



It is easy to check that this identification agrees with the Chen-Ruan orbifold coho- 
mology ring of P3 3 3 (see Section [341) . For example, we have 

(An, An, An)^3^ = ^ {Sr,Sr,6r\^^ + 6{5i,o,o, ^ai.o, ^0^1)^3 ^ = ^- 

r;deg (pr=l/^ 

Now we need only to check that 



GLOBAL MIRROR SYMMETRY FOR ISES 

After a straightforward computation we get 

(-(T - 3);rA (1 - (1 - x))'" 
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(An,A2i,A3i)^^^ 



1 



27 



tta = q + q'^ + 2q^ + 



5.3. Large complex structure limit point for Wo- = + + + crX^Xj. We 
substitute x = cr^/4, i.e., 1 = 2 and C = 1/4. The j-invariant is 

_ 16(12 + (T^)^ _ 64(3 + x)^ 
~ (4 - a^f ~ {l-xf ■ 

We have pi = 2 and 

K = N = 2, Ao2 = 16(1- x)XlXlnl. 
It follows that /Ivi' = The Fourier series for 1 - x in terms of ^ = e^"''^^'^ is 

l-x = 64q^ - 1536^4 + 19200^^ + • • • . 

Let us construct a basis of flat sections. First, note that the periods 

Or, r = (10,01, 11,21, 12) 

still satisfy first order diff'erential equations and that the corresponding flat sections 
will be 

6r{cT,x) = ix-lf'^'^'cf>r{x)nA. 

However, both O20 and O02 satisfy a second order hypergeometric equation with 
parameters respectively aao = «02 = 3/4,/32o = /3o2 = 1/4, 720 = 7o2 = 1/2. 
Namely, the periods satisfy the following system: 



cr 



(4 - a') 5^02o(cr) = - O2o(cr) - Oo2(cr); 



cr 



(58) 



(4 - cr^) 5^0o2(cr) = - Oo2((r) - O2o(cr) 



It follows that O02 = L 020 (and O20 = L O02) where L is the differential operator 

which lead to second order difl^erential equations. Let us denote by {Fj'^, ^2'^! the 
basis of solutions (ITT]) of the hypergeometric equations near x = I for the weights 
{ar,Pr, 7r)- Thus wc Can obtain a pair of polynomials ^20 and 6q2 that determine flat 
sections (l56l) by solving the following system: 



jf>02 



C20,l ^ 1^20 
,^^20,1 F\^Io) L{C20^2 ^2,20^ 



17(1) ^ 

^20,2-^2^20 



V^02y 



(59) 
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Since O02 satisfies a hypergeometric equation as well (with the same parameters), 
we can choose constants C2o,h / = 1, 2, s.t., 

[L(C20,1 Ff^20^^ L{C20,l = (c02,l -^1^02' ''02,2 '^2!o2) ' 

For example, we choose 

C20,l = V2/8, C20,2 = C02,l = V2/8, Co2,2 = - 

The mirror map can be chose in the following form: A3 1 = 620 and 



Au 

A2,l 



Al,2 



^2,2 



1 V^' 
1 -V^ 



ClO ^10 



where the constants 



Cio - Coi - 2 



_ 0-1/4 



-4V^ 2V^' 
Cii = 1. 



'02 



This identification induces an isomorphism of Frobenius algebras and for the 3- 
point, degree- 1 correlator which is needed in the reconstruction Lemma [37T] we get 



(Aii,A21,A3i}^^ = 



w 



= i(l _ ^)i/2 ^p^ (1/4^ 3/4. 3/2; 1 _ X) ^F, (1/4, 1/4; 1; 1 - X) . 

o 

The Fourier series of the correlator has the form q + 2q^ + + 2q^^ -\ , which in 

particular implies that the degree- 1 part is 1. 

5.4. Large complex structure limit point for Wo- = X\X2 +X\+Xl + (TXiX2X-i. 
In this example, we substitute x = i.e., / = 3 and C = -1/27. The j-invariant 
is 

0-3(24 + a^f 21x{% - 9xf 
j(cr) = ^ 3 — = ■ 

2/+(T^ I - X 

It is convenient to construct the mirror map when cr is near the point pi = -3r]. We 
have 



^ = = 1, A02 = 18(1 - x)XiX2X37ri. 



It follows that Aw = The Fourier series of 1 - jc in terms of q = e 
\-x = -21 q^ - 324^^2 _ 2430^'^ - 13716^^^ + ■ 



is 



(60) 



Note that the largest dimension of a subspace of homogeneous flat sections is 2. 
Let us assume that {(pr, (pt'} form a basis of the homogeneous subspace of the Mil- 
nor ring of weight deg (pr = deg ^r' ■ The period integral Or(cr) is a solution to a 
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hypergeometric equation with weights Q'r,jSr,7r (see Section [8.3.11 in the Appen- 
dix). We choose a new basis of sections of the form (l56l) with polynomials defined 
by 

-1 



(61) 



where c^j, Cr'j{i = 1, 2) are some constants and 

is the basis of solutions (|72l) to the hypergeometric equation with weights (ar,/3r, jr)- 
If Or satisfies a first order differential equation, we set 

F['\x) = 0, F^V)= iFo(ar;l-^) 
and use the same formula in order to define ^r- We choose Crj such that 

Table 6. 



r = 


100 


200 


001 


101 


010 


201 


110 


oil 


Cr,l = 





3 





9 


9 


3 








Cr,2 = 


V3 


3 


3 


V3f; 
3 


3 


3 


3 


V3 



Now we can construct a map as follows: 

All = Cioo,2(l - Xy'^<^WO\ Ai5 = Coil,2(l - xf^fDou, 

and 

(A21, Ai2, A31, Ai3, A22, A14) = (6200, ^001 5 (^1015 ^0105 ^2015 ^110) • 
This is actually a mirror map. It preserves the Chen-Ruan product and 

(Au, A2,i, A3,i\ = ^ (1 - x)"' 2F1 (1/3, -1/6-1/2- I- x)7rA = q + lq' + ■■■ . 
5.5. Large complex structure limit point for Wo- = + + Xj + aX\X2. We 

4a-- 



set X = i.e., 1 = 3 and C = -4/21. The j-invariant is 



27 + 40-3 1-x' 

In this case it is more convenient to construct the mirror map near cr = p2 = 
-T^l^3Tf. We have 

K = N =1, A02 = 36(1 - x)X{X2n\. 
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It follows that Aw = 2W^- The mirror map can be constructed as follows: 

All = Cio,2(l - ^)'^Vl0; Ai5 = C3i,2(l - X)5^V31 ; 

and 

(A21, Ai2, A3I, Ai3, A22, A14) = (501,520,^11,^30,(521,540) • 

Here 6r{r = 01, 20, 1 1, 30, 21, 40) have the same form as in (|6TI) . After a straightfor- 
ward computation we get a mirror map that identifies the ring structures by setting 

A21 = 5oi = -(-2f'3"\l - xf\F^^% 001 + (-2)-^/' F^lii 02o) ^a, 
A12 = 520 = (-1)^/^2-^/^31/^(1 - xfY^l,<f>o, - 3{-2r'l' F%, 02o);r„ 
A31 = 5n = (-1)1/^22/^3(1 - x)'l\F%(t>n + (-2)-'" F[]1 <f>,o)nA, 
Ai3 = 530 = (-2f"3-"\l - x)i/'(Fg,0ii - 2(-2)-i/^ F['}^ 03o)^a, 
A22 = 521 = (-1)1/^2^/^3^/2(1 - x^Yiio '^21 + (-2)-^/^ 41^1 04o) n„ 
Ai4 = 540 = (-1)^/^2-^/23^/2(1 - xf\F\%cf>,, - ^(-2)-i/3 Ffl, <p,o)nA, 

Ai5= 531= -21/^31/2(1 -x)^/V3i;rA. 

For the 3 -point correlator we get 

(Ai,i,A2,i,A3j)^^ = q + 2q'^ + ■■■ , 
which means that the above identification is a mirror map. 

6. Mirror symmetry at ct = 00. 

In this section, we describe the limit behavior of the Saito-Givental theory of 
ISESs at CT = 00. Similar results were already obtained in [27] for three special 
choice of an ISES W (with marginal deformation 0^ = X1X2X3): 

xl+xl+ Xl 6 £^i'i\ XIX2 + XjXs + Xl 6 £^i'i\ XIX2 + xj + Xl G £^i'i\ 

Namely, it was proved that the Saito-Givental theory at cr = 00 is mirror to the 
orbifold Gromov-Witten theory respectively of P3 3 3,P442 ^632- turns out 
that if W is a Fermat polynomial of type then the mirror of the Saito-Givental 
theory is no longer an orbifold GW theory, but an FJRW theory. This agrees with the 
physicists' prediction that the monodromy of the Gauss-Manin connection around 
the large volume limit point should be maximally unipotent, while as we will see 
below, the monodromy around cr = 00 is diagonalizable 

The complete answer to the question what kind of theory is mirror to the Saito- 
Givental theory at cr = 00 for all ISESs is stated in Theorem 11.51 The proof is 
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on a case-by-case basis using the same technique as in Sections |4] and [5l i.e., we 
compute the initial set of 3- and 4-points genus-0 correlators in the Saito-Givental 
theory and match them with the corresponding correlators in the orbifold GW or 
FJRW theories. We will sketch the main steps of the argument on one example and 
leave the details and the other cases to the reader. 



6.1. The case of Fermat type E^^'^K Let W{cr) := X'^^+X^ +X^+(rXlX2. As usual 
we substitute x = -^cr^. The j-invariant is 



Kor) 



27 + 4cr3 1-x' 

The Picard-Fuchs equation for the periods tta has weights (a,/3, 7) = (1 /12, 7/12, 2/3). 
Since a-/3is not an integer, the monodromy is diagonalizable and we have the fol- 
lowing basis of solutions (eigenvectors for the monodromy around cr = 00) near 
X = 00 : 



■1/ 



7 113 

tta^ := X 2^i(— . — ; := '^w 2^^(12' 12' 2'^"^)' 

where the constant Aw will be fixed later on. Put 



^ 'M2' 12' 2' 



t~l = TTB^/nA^ X Aw X 2, 

where « means that we truncated terms of order 0(cr^). It is easy to check (by 
using the differential equation for the periods) that when restricted to the subspace 
of marginal deformation, is a degree flat coordinate, i.e., the residue pairing 
{l,d/dt^i) is a constant. 

To construct the mirror map for non-integral degrees, we have to find a basis 
of homogeneous flat sections (with non-integer degrees) of the Gauss-Manin con- 
nection near cr = 00. The periods corresponding to the polynomials (pQi and ^20 
satisfy 

(27 + AcT')d^ O20 = -3cr^ O20 - (9/2)Ooi 
(27 + 4cT')d^ Ooi = -cr^ Oqi + (9(r/2)O20 



Moreover, as we already know (see Section 12.51) Ooi satisfies a hypergeometric 
equation. The corresponding weights are (aoi,>Soi, 701) = (1/12,7/12, 1/3). Let 



L20 := — ((27 + 4(r")5^0oi + (t^Oqi) . 



9cr 

Then the solutions to the above system have the form 



VO20; 



^1,01< 



{X) pg^ix) 



120 
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Solving for Aqi and A20 we obtain two flat sections of degree |. The remaining flat 
sections can be found in a similar way. We get 

Aio = {x- l)'/'Oio, A31 ={x- ifl'^Qy^i 

and 
where 

^30 = ^ ((27 + 4(r')d^<!>n + 2cr^<!>n) , = ^ ((27 + 4cr4)5^02i + 3cr^<!>2i) 
and the weights (Q'/t,i,A,i'7/t,i) can be found in the Appendix (see Section [8^.3 .11) . 









V 



k = 0,1,2 



Let dris, x) be polynomials, such that the geometric sections (see (1461) ) [6rCo] = 
CrAf, where Cr are given in the table below and the constants appearing in the table 



r = 10 


01 


20 


11 


30 21 


40 


31 




A2 




A1A2 




5 


9 


are given as follows: 


















-- 2ACl, 




A ^3 


27 

'T' 





(62) 

Now we compute the pairing and the necessary genus-0 correlators. The pairing is 

{6m, 6^1^ = (5oi,^2i) = (^20,^40) = = ((^30, ^30) = 1- 

All 3-point correlator functions that do not have insertion 1 (otherwise the correlator 
reduces to a 2-point one) have a limit at cr = 00. The non-zero limits are as follows: 

^5io,5lO,54o)p3 = (^10,^01,^11)^,3 = (^01,^01,(52o)(,3 = 1- 
(^10,520,^30)^3 = (520,^20,^20)^3 ~ 

In other words, the Milnor ring extends over cr = oo. If we denote the extension by 
then it is not hard to see that 6\q and 6q\ are generators and we have 

^w- ■= C[(5io, 5oi]/ (4(5^0^01, + 352,) . 
Finally, the nonzero 4-point genus-0 basic correlators are 

(5oi,5oi,5oi,5-i)^^ = -—(^3(^1/12^^^^ ^ ^-l/4o2o)3\ = 

^ '0,4 Ot^i^ 4Co 'lx=oo 



Al 



d 



.1/4 



(O03) 



-I- 



4Cn 
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and ^ 

(5iO,5io,5io5o1,5-i)q4 = 



where in order to achieve the above identities we set 



A 



54 

Recall that pi,p2 are generators of the FJRW ring corresponding to the pair {w' = 

X'\X2+X\ +X3, Giv'). Using the reconstruction lemma in FJRW theory (see Lemma 
I3.4[ it is easy to check that the map 

(pi,P2)h^((-1)'^%i,(-1)'%o). 

is a mirror symmetry map, i.e., it induces an isomorphism between the FJRW theory 
of {W, Gw) and the Saito-Givental limit of W = X^' + + Xj + (tX\X2 at ct = 00. 

7. Modularity 

It is known that Givental's total ancestor potential of a given ISES W is quasi- 
modular on an appropriate modular group ETll . In this section we would like to 
show how one can determine the modular group. We will do this for two examples: 
the Fermat type ISES of type E^^''^ and ^g''^^ 

7.1. Monodromy of the Picard-Fuchs equation. Let us assume that we are given 
an ISES and a miniversal deformation. We would like to recall how to compute the 
monodromy of the corresponding elliptic fibration (flOl) . i.e., the monodromy of the 
differential equation (fT3] ). Note that the j'-invariant of E^r has the form 

(1 -Ccr'y 

where the zeroes of the polynomial in the denominator are precisely the singular 
points (fT5] ) of the Picard-Fuchs equation. 

Using the substitution x = Ccr' the Picard-Fuchs equation is transformed into 
the hypergeometric equation (fT4l) . Let us fix a reference point on C - {0, 1, 00} near 
X = I and a basis of solutions of the form dTTI ). Denote by M^*^ and M^"^ the 
monodromy transformations corresponding to paths going around x = and x = I. 
We may choose the paths in such a way that M"^ = Mi and M"^ = (C'")"^ Mq 
where Mo,Mi, and C"^ are respectively the local monodromies near x = 0,1 and 
the matrix giving the analytic continuation from x = 1 to x = (see Lemma [F7T]) . 
Our substitution is a covering E - {0} C - {0, 1, 00} of degree /. Let us denote 
by Mf^, I < i < I, the monodromy transformations corresponding to loops going 
around cr = pi. Lifting the reference point and choosing the loops appropriately we 
can arrange that 

Mf ^ = Mf ^, Mf ^ = (M^^)-<^-') Mf ^ {M^^f-\ 2<k<l. 



i(^) = ^ P(.<^) 6 C[CT], (63) 
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It remains only to explain how to find a basis of solutions that correspond to the 

7GW pG' 
1 '^2 



period integrals. Let us denote such a basis by F^^ = {F?^, F9^). We may assume 



that 



a ^ 1 
— Fi + - 
b b 

where a and b are some non-zero numbers. 



GW _ _ii F , i Z7(l) 



Lemma 7.1. The constants a and b are given by 

b = 2n V-i/N, a = ^\nP{p^), 

where pi = C-^" = Wii-k/lT^'^'. 
Proof. Since 

r := F^^^/Ff^ 

is the modulus of the elliptic curve, we must choose a and b in such a way that 
j{o-) = l/q + ■ ■ ■ , q = e^^"". Inverting the relation (l64l) near cr = we find: 



Pi-(r= ; e'^h + 0(e'') ). 



It follows that 



_P(£i)_ 



The lemma follows. □ 
Let us point out that the value of a is fixed only up to an integer multiple of 
2n ^T-l/N. This corresponds to the fact that while there is a unique choice of an 
invariant cycle A e Hi{Ea-; Z) near a = pi ,so that up to a constant tta agrees with 
Ff^, for the second cycle B e Hi{Ea-; Z) we have the freedom to add any integer 
multiple of A. 

7.2. The modular group. Let us give a precise description of the modular group. 
Let 

be the monodromy representation of the Gauss-Manin connection (see Section [231) . 
Note that the vanishing cohomology can be decomposed into invariant and non- 
invariant subspaces with respect to the classical monodromy operator: 

H\X^„0 = H\X^,- C)o + H\X^,- CU, 

or equivalently //^(Xo-o;C)o is the kernel of the intersection pairing. The mon- 
odromy representation splits respectively into p = po + p^o- Let us denote by T(W) 
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the monodromy group associated with the representation po, i.e., using the residue 
isomorphism 



Res : W{X, 



o"o' 



H\E, 



o"o' 



Y{W) can be identified with the monodromy group of the corresponding elliptic 
fibration. 

Note that the numbers 



2ff V-Tdeg (pj 



■\<i<H-2, 



form a group that coincides with the multiplicative group //^ = {77 e C | 77^ = 1 } of 
L-th roots of 1, where L = 3,4, or 6 if is of type respectively E^^'^\E^^'^^ , and 
E'g^'^''. Let ixl act on the vanishing cohomology via rj- (p = ■q^^^^'^cp. Let us denote by 



the map induced from p^o- Assume that 

Ker (po) c Ker (p^p). 



(64) 



In many examples Ker (po) = 0, so this is trivially satisfied. However, it is possible 
that Ker (po) 0. We expect that (|64|) is always satisfied, but we still have not 
checked it in all cases. Assuming (|64|) we obtain an induced homomorphism 



The modular group then is T(W) := Kericpw)- Our goal is to compute the group 
Y{W) for the Fermat type ISES. 

7.3. The Fermat £7'''^ case. The polynomial in this case is 

7.3.1. Monodromy of the invariant part. In this case, the parameters of the Picard- 
Fuchs equation are or = /3 = 1 /4, 7 = 1/2 and 1 = 2. The j-invariant is 



Ker) = 1728 



{cr^ + 12)3 
(4 - cr2)2 



The Picard-Fuchs equation has two finite singular points: pi = 2 and p2 = -2. The 
monodromy group is generated by the following two matrices: 



1 2 




1 - 2m 2m^ 






1 




-2 1 + 2m 
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where the choice of m depends on the coice of a symplectic basis {A, B] in Hi{Ea-; Z). 
We choose the basis to be such that m = 0; then the monodromy group T{W) is the 
group of all matrices 



6 SL2(Z), a = d=l (mod 4), b = c = (mod 2). 



a b 
c d 

This is an index 2 subgroup of r(2). 

7.3.2. Monodromy of the twisted sector. We fix the following basis of the twisted 
sector in the Milnor ring ^i^: 

0,(x) =X;'X^%\ r = {(100), (010), (200), (110), (020), (210), (120)}. 



We recall the Picard-Fuchs equation for the corresponding period integrals Or(cr) 
are as follows: 

(4 - (r^)d^ <D,(cr) = 2 deg(<^,) cr <D,((r), r + (200), (020), (65) 



and 



cr 



(4 - 0-") 5^0200(0-) = - 02oo((t) - Oo2o((r) 



2 
cr 



(66) 



(4 - cr') 5^0o2o((r) = ^02o((^) - O2oo((r) 



The monodromy of the equations (|65l) around cr = p, is straightforward to compute: 

O,- ^ g2;rV^deg(0,)(j)^ _ / = 1,2. 

For the system (l58l) . we can first obtain a second order differential equation for O200, 
which after the substitution x = becomes the hypergeometric equation with 
weights a = 3/4,^ = 1/4, 7 = 1/2. It follows that the system can be solved as 
follows: 



(67) 



where Ai and A2 are flat sections of the vanishing cohomology bundle and 

L = -(4 - (r^)d^ + cr/l. 
Let us denote by Mf^ the monodromy transformation around cr = p,, 

then since the LHS of (|67l) consists of holomorphic sections of the vanishing coho- 
mology bundle, it must be invariant under analytic continuation along any loop in 
Z. It follows that the monodromy of the flat sections is 



*I^200 






Ff' 




a/ 


^02Q 




LF'I' 


LF'^\ 




A2 



Ai 
A2 



^((MH') 



Ai 
A2 
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On the other hand, we have (see Section r/TI) 

Mf = {M^^r^'-^^ Mf ^ {M^^f-^\ i=l,2, 

where Mj^^ and M^"^ are the monodromies of the corresponding hypergeometric 
equation around x = and x = I respectively. Let us denote by 



1 

e 





2;rV^(l-7) 



1 







Q ^2n^Pl{y-a-/j) 



the local monodromies of the hypergeometric equation; then M^^ = D\ and (see 
Lemma [8^ ) 

Mo^^ = (C°')-iDoC°i. 
A straightforward computation yields 



1 




-1 


-1 




1 



M 



The group generated by these two matrices is Z/2 x Z/2. Let us point out that 
this agrees with the so called Schwarz list (see [f23), since the exponents of the 
hypergeometric equation are 



1 



1 



^0 = 1-7=-, Ai=y-a-p = --, A, 
Lemma 7.2. The kernel Ker (po) = and the modular group T{W) 



r(4). 



Proof. Let 2 ^ E be the universal cover of S and let t : 2 ^ H be the map given 
by the quotient of two periods: t = ns/nA- Using the Picard-Fuchs equation we 
find that 

dr=^^^^^dcr^O. 

By the implicit function theorem r is a local homeomorphism. Using the j-invariant 
we see that the map t is finite and surjective. Finite maps between analytic varieties 
are proper. It follows that r is a covering. Finally, since both E and H are simply 
connected, r must be an isomorphism. 

The monodromy group ro(W^) induces an action on H. If we assume that Ker (po) 
is non-trivial; then we can find two different points on S such that their r-images 
coincide - contradiction. 

According to the computations from the previous subsection the map (pw induces 
a surjective group homomorphism 

(f>w : To(W) Z/2 X Z/2, 
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which implies that the index of Ker (f>w in ro(V7) is 4. On the other hand, it is easy 
to see that r(4) can be generated by the following (see QUI ) 6 elements 



1 



1 
4 1 



9 -4 
16 -7 



5 -4 
4 -3 



9 -16 
4 -7 



We leave it to the reader to check that each of these matrices is in the kernel of (pw. 
For example: 



Under (pyv the matrix M° is mapped to M*^. Using the explicit computations from 
the previous section we get that the above matrix is in the kernel of 
We conclude that 

r(4) c Ker (Pw c f o(W) c r(2) c SL2(Z). 

Recall that the indices of r(2) and r(4) in SL2(Z) are respectively 6 and 48 (see 
W\ ). It follows that the index of Ker {(pw) in SL2(Z) is 4 x 2 x 6 = 48. The Lemma 
follows. □ 



7.4. The Fermat E^^'^^ case. The polynomial and its marginal deformation are 
W^ = X^,+ Xl + Xl + (rXfX,, 4cr^ + 27 ^ 0. 



7.4. 1 . Monodromy of the invariant part. The parameters of the Picard-Fuchs equa- 
tion are Of = ^,/3 =^^7=1 and / = |. The j-invariant is 

Acr^ 

j{(T) = 1728 —^—r= . 

40-3 + 27 

The singular points are = -3 • A"^^^ ^2^7^(1-1)^ 1 < z < 3 and the corresponding 
monodromy transformations are 



1 1 
1 



l-(l+m) (l+m)2 
-1 l+(l+m) 



1 - m 
-1 



m 
1 + m 



where the integer m depends on the choice of a symplectic basis in Hi{Ea-o;Z). We 
choose a basis such that m = 0. The above matrices generate the entire modular 
group, because it is well known that the matrices in SL2(Z) 



1 1 
1 



T :-- 



1 
-1 



M° M° 



M° M° 
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are generators of SL2(Z). It is known that SL2(Z) has a presentation in terms of the 
free group on two generators a and b satisfying the relations 

aba = bab, (aba)'^ = 1 . 

It follows that Ker(po) is the normal subgroup of the free group on 3 generators 
Ml, M2, and M3 generated by the relations 

M1M3M1 = M3M1M3, (M1M3M1/ = 1, M1M3 = M2M1. (68) 

7.4.2. Monodromy of the twisted sector. We fix a basis of monomials = 
X^^X'^X"^^ in the twisted sector of ^w, where r = (ri, r2, r3) is given by 

r = {(1 , 0, 0), (2, 0, 0), (0, 1 , 0), ( 1 , 1 , 0), (3, 0, 0), (2, 1 , 0), (4, 0, 0), (5, 0, 0)} . 

The Picard-Fuchs equations for Or(cr), r = (1, 0, 0), (5, 0, 0) have order 1 

(27 + 4cr^)d^ = Htr^ deg(0,) .O,, 

The monodromy of these equations is straightforward to compute: 

The remaining periods satisfy three systems of differential equations. Let us de- 
scribe them and their monodromies. In all three cases we use the substitution 
X = -Act" 111 to reduce the system to a hypergeometric equation and then the mon- 
odromy is computed in the same way as before. We recall the first system is 

(27 + Aa-^)d^ O200 = -3(r2 (D200 - (9/2)Ooio 

(27 + A(P)d^ Ooio = -(T^ Ooio + (9(r/2)02oo 

The period 0200 satisfies the hypergeometric equation with weights a = 1/4, JS = 
3/4, and 7 = 2/3. The solutions to the system have the following form: 



^200 










^200 


Oolo 






LF^\ 




^010 



(69) 



where A200 and Aqio are flat sections of the vanishing cohomology bundle and L is 
a first order differential operator, whose explicit form is not important. The same 
argument as before gives that if M^'^ is the monodromy around cr = p,, 

Fm^M]I^F^'\ 

then the monodromy of the flat sections is given by the matrix {{M]^^^Y)~^ . After a 
straightforward computation we get 
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Using computer software one can check that the group generated by these matri- 
ces is finite of order 24. Alternatively, since the exponents of the hypergeometric 
equation are 



^ 3 



1 



1 

2' 



we find that the hypergeometric equation is in the Schwarz list and that its mon- 
odromy group is known to be isomorphic to A4 x Z/2. In particular, it has order 
24. 

The next system is 

(27 + 4o-^)d^ O300 = -4o-^ O300 - 90„o 
(27 + 4o-^)d^ Olio = -2cr^ Ono + 6crO 



300 



The corresponding hypergeometric equations for O300 has parameters a 
/3 = 5/6, and y = 2/3. The monodromy groups are 



1/3, 



M 



1/2 



1 







1 


3 V3( 




1 


3V3r 


, = 


2 


2 


, Mf = 


2 


2 









(' 


1 




i 


1 






-2V3 


2 _ 




- 2V3 


2 _ 



It is easy to check that these matrices generate a group with 6 elements. Again, we 
can obtain this from the general theory, since the exponents are 



1 
2 



and the hypergeometric equation is again in the Schwarz list. The monodromy 
group is known to be the dihedral group D^. 
Finally, we have 

(27 + 4cr')d^ O400 = -5cr^ O400 - (27/2)02io 
(27 + 4cr^)d^ O210 = -3cr^ O210 + (15(r/2)0, 



400 



The period O400 satisfies hypergeometric equation with a = 5/12, jS = 11/12, and 
y = 2/3. The monodromy groups is generated by 





1 





















V3 
3 I V3i 
16 16 



16/ 
3V3 

1 . V3i 

2 6 



M 



2/3 



V3 

V3( 1 



8 , 8V3i 
3 9 



2 + 2V3 



Again the matrices generate a group of order 24, which can also be proved by the 
general theory, since the exponents are 



1 2 
Ao = l-y=-, Ai=y-a-/3 = --, 



1 

2 
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In this case the monodromy group is isomorphic to A4 x Z/2. In fact, the two 
representations of A4 x Z/2 on the vector spaces 



= spanc{A2oo,A 



010; 



= spanc{A4oo,A2io} 



are isomorphic, therefore there should be an intertwining operator S . Indeed, one 
can check that 



M 



2/3 



S M^^^S~\ 



M: 



2/3 



s m\'^s~\ 



-4/3 
1 



(70) 



Lemma 7.3. The condition (l64l) is satisfied and T{W) = r(6). 



Proof. For the first part of the Lemma, it is enough to check that the matrices M'^, 
1 < «■ < 3, ^ = 1/3, 1/2 satisfy the relations (l68])- Note that due to dTO]) M^'^ also 
satisfy the relations. This is a straightforward computation, which we omit. 
The homomorphism (f>w decomposes naturally into (</»J^^, 0^^), where 

cf>l : nW) ^ GUH\X^,;C\)/l^6, q = 1/3, 1/2,2/3. 



Here the decomposition of the vanishing cohomology is with respect to the grading 
induced by the Milnor ring. We saw above that Ker(0j^^) = Ker(^^^). We claim that 
the latter is r(3). It is easy to find that r(3) is generated by the following matrices: 



1 3 




1 




-2 


3 


1 




-3 1 




-3 


4 



1 /"^ 

We leave it to the reader to check that they belong to the kernel of (p-^' . Our claim 
follows, because the index of r(3) in SL2(Z) is 24 (see Il29l ). Similarly one can 
verify that Ker (^J^^) = r(2). It remains only to use that 

nW) = Ker (cf>w) c Kcr(cf>%') n Ker (^l^") = r(3) n r(2) = r(6) 
and that the index of r(6) in SL2(Z) is 24 x 6 = 144. □ 



8. Appendix 

8.1. Monodromy of the hypergeometric equations. For the reader's convenience 
let us explain how one can compute the monodromy group of a hypergeometric 
equation of the form (fT4l) . Let us assume that a,/3, and y are positive rational 
numbers. There are two cases which are used in our work. 
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8.1.1. The resonance case. We assume that y = a+p = I -1 1 1, where / is a positive 
integer. Put 

A = 2(A(1) - i^ia) - m, B = 2(A(1) - - «) - -P\ 

where = r'(z)/r(z) is the digamma function. 

Near x = the hypergeometric equation admits the following basis of solutions: 



Ff{x) 



r(a+yS) 

r(i-a)r(i-^) 



2Fi(l - a, 1 -fi;2-y; x)x 



,l-ff-/3 



Let us denote by the vector column with entries Ff^ and F^^; then the local 
monodromy around x = acts as 

F^°^^MoF^°\ Mo : = 



1 

Q g2m(l-a-j8) 



Near x = 1 a basis of solutions is given by 
F^l\x) = 2F,{a,l3-\-\-x), 

CO 

F^i\x) = 2Fi(a,;e; 1; 1 - X) ln(l - + V /7„(1 - x)", 



(71) 



n=\ 



where 



bn = 



ia)n(j3)„ / 1 



1 1 

+ • • • + + - + ••• + ■ 

a + n-l /3 + n 



(niy- 

It follows that the local monodromy is given by 
F^^^ Ml F^^\ Ml :-- 



i 2(1 + .. . + !)). 

n-l U n^*^ 



1 2;r/ 
1 



The key to the monodromy computation is the following lemma (see Q). 

Lemma 8.1. The series and F'-^^ are convergent in the region {x 6 C : |jc| < 
1, |1 - jc| < 1} and the following formula holds: 



F^^\x) = F^'\x), C 



.01 



A -1 
B -1 



provided the branch ofF^^\x) near x = I is chosen appropriately. 
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The local monodromies Mq, Mi, and the connection matrix C^^ completely de- 
termine the monodromy representation. Let us also list a basis of solutions near 
x = oo.lfa-/3iZ, then 



If or = /3, then 



F;'"> = x-%Fi (a,a-y+\;\;x~'), 

Ff' = GfJ T' M> 
2 2,2V I a,j3 ' 



where G^^^ is Meijer's G-function. 

8. 1.2. The non-resonance case. Now we assume that none of the exponents 

Ao = \ - y, Ai = y - a - fi, Aao = - a 
is an integer. Then we fix the following solutions. Near x = 0: 



Ff 



2F1 ia,/3; y; A), 

2F1 ia-y+l,/3-y+\;2-y-) x'-^ 



Near x = I: 



F\'^ = 2Fi(a,l3;a+j3-y+\;l-x), 

Ff = 2Fi{y-a,y-p-y-a-p+\-\-x){\- xT^'K 



Near x = 00: 



fJ"^ = 2Fx{a,a-y^\\a-fi-r\\x-^) x'" , 
^ = iFi (fi,j3-y+\;fi-a+ Ux'') . 



(72) 



(73) 



Let us denote by F^^Xa = 0, l,oo) the corresponding vector columns. Then the 
key fact is the following. Just like in the previous case, there is a common con- 
tractible domain where both F^"^ and F*'' are convergent and hence one can define 
a connection matrix such that F-°^ = C^^F^^\ 

Lemma 8.2. The connection matrices are given by the following formulas: 
ny)Yiy -a-/3) UyWia +/3-y) 



C 



-01 



ny-a)Y{y-/3) 

m-yWiy-a-fi) 

r(i -Qr)r(i -y0) r(i + a -7)r(i +;8-y) 



ri2-y)r(a+/3-y) 
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8.2. Invariants for and Here we list some invariants for Ej^'^^ and 

^8 • 



Table 7. E 



w 


mi,m2,m-i 


A, ^2, ^3, ^ 








a 




~\~ X2 "1" x^ 


(2,2,0) 


1,1,0,2 


1 
1 

4' 


1 
1 

' 4' 


1 
i 

2 


1 
i 

4' 


1 1 
i i 

' 4' 2 


X^X2 H" X2 "I" x^ 


(4,0,0) 


4,-1,0,3 


1 

3' 


1 

' 2' 


1 
6 


1 

12' 


7 2 
' 12' 3 


X^X2 H" X2 "I" x^ 


(1,3,0) 


1,2,0,3 


1 

3' 


1 

' 2' 


1 

6 


1 

12' 


7 2 
' 12' 3 


x\X2 + xl + xl 


(2,0,2) 


2,-1,1,2 


1 

2' 


1 

' 4' 


1 

4 


1 

4' 


1 1 
' 4' 2 


X^X2 + x^ + x^ 


(0,1,2) 


0,1,1,2 


1 

2' 


1 

' 4' 


1 
4 


1 

4' 


1 1 
' 4' 2 


X^X2 + X1X2 + 


(4,0,0) 


3,-1,0,2 


1 

4' 


1 

' 4' 


1 
2 


1 

12' 


5 1 
' 12' 2 


^j^2 "1" -^1-^2 


(2,2,0) 


1,1,0,2 


1 

4' 


1 

' 4' 


1 

2 


1 

4' 


1 1 
' 4' 2 


-^^^2 "1" X2X1, + 


(1,1,1) 


1,1,1,3 


1 

3' 


1 

' 3' 


1 

3 


1 

3' 


1 2 
' 3' 3 


-^^-^2 -^2'^3 "^3 


(1,3,0) 


1,4,-2,3 


1 

3' 


1 

' 3' 


1 

3 


1 

12' 


7 2 
' 12' 3 



XjX2 + + X3 (4,0,0) 4,-2,1,3 1'^'^ il' il' i 



Table 8. E, 



w 




mi,m2,m3 


l\,l2, I 


T 


T 


T 

,<?3 


a 






(4,0,1) 


1,2,0,3 


1 

6' 


1 

' 3' 


1 

2 


1 

12 


7 2 

' 12' 3 


-^^^2 ,^2 


+ xl 


(1,1,1) 


1,1,1,3 


1 

3' 


1 

' 3' 


1 
3 


1 
3 


1 2 
' 3' 3 


XjX2 + X2 


+ xl 


(4,0,1) 


4,-2,1,3 


1 

3' 


1 

' 3' 


1 
3 


1 

12 


7 2 
' 12' 3 


X^X2 + X2 


^X] 


(2,2,0) 


1,1,0,2 


1 

4' 


1 

' 4' 


1 

2 


1 

4' 


1 1 
' 4' 2 


X^X2 + X2 


+ xl 


(6,0,0) 


3,-1,0,2 


1 

4' 


1 

' 4' 


1 
2 


1 

12 


5 1 
' 12' 2 



8.3. Weight systems of the hypergeometric equations for the £g ' periods. Let 

0r(^l , ^2, ^3) = X'^X'2X'^ . 

Let (Q'r,ySr, yr) be its weights of the hypergeometric equation of period Or, after the 
coordinate change x = Ccr'. We choose monomials 0r such that 
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• Combined with degree and degree 1 monomials, they form a basis of the 
Milnor ring. 

• (ar,/3r,-yr) are nonnegative. 

(Notice if cfr = 7r or = jr, then the second order hypergeometric equation can 
be reduced to a first order equation. This always happens for the first and last term 
in each table and sometimes also for other terms in the middle.) 

8.3.1. E^^'^\ Then for all W e we have the following formula: 
(1) W = X\X2 +Xl+ X], (f)^i = X1X2X3, then for = 0, 1. 

, r, . 1 + ri 2 - ri + 3r2 2 - r3 

We choose ri < 3 for the basis because 2X2 = -Xf in the Milnor ring. 



<Pr= X, 


^3 




X1X3 


X2 


x]x^ 


X1X2 ^2-^3 


O^riPr-i Tr 3 ' 6' 3 


1 1 1 
3' 3' 3 




2 1 1 

3' 6' 3 


1 5 2 
3' 6' 3 


1,0,1 


2 2 2 1 5 1 
3' 3' 3 3' 6' 3 



(2) W = X\X2 +Xl+ X], = X\X^, then for r3 = 0, 1, 

1 + ri + 3r2 7 + ri + 3r2 



(ar,/3r,rr) 



12 ' 12 



(pr — Xi Xt, X^ X\Xi, X2 X^Xj, X1X2 X2XJ 



■ R 'V ill ±JLi 132 i 2 I 152 131 ^112 ISj. 
r,Pr,7r 6' 3' 3 12' 12' 3 4' 4' 3 6' 3' 3 3' 6' 3 4' 4' 3 12' 12' 3 3' 6' 3 



(3) W = X\X2+Xl+Xl,(P^x -- 

(ar,/3r,7r) = 



X^Xj, then = 0, 

1 + ri 3 - ri + 4r2 1 
4 ' 12 '2 



(pj- — Xi X2 Xj X1X2 X^ X^X2 X2 X1X2 



,0 111 _LJ.l 1 J- i 111 inl 1-11 1111 1^1 

■r^Pr^/r 2' 6' 2 12' 12' 2 4' 12' 2 2' 2' 2 '^'2 4' 12' 2 4' 12' 2 2' 6' 2 



(4) W = XIX2 +Xl+ Xj, (f)^i = Xf, then = 0, 

1 + ri 5 + ri + 4r2 1 



(Qrr,/3r,rr) 



12 



12 
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0r = 




^2 




X^ 


X^^X2 


xt 






ar,/3r,rr 


1 1 1 

6' 2' 2 


1 3 1 
12' 4' 2 


1 7 1 
4' 12' 2 


15 1 12 1 

6' 6' 2 3' 3' 2 


1 11 1 
4' 12' 2 


5 3 
12' 4' 


1 

2 


1 5 1 
2' 6' 2 


/C\ 11/ 

P) w - 


Aj + A2 


+ A3, ^_ 


— V4v 

1 - ^1^2 


, then = 0, 

+ ri 7 + ri 2 
12 ' 12 ' 


r) 








<Pr = 




X2 




X1X2 X^ 












1 2 2 
6' 3' 3 


1 7 1 
12' 12' 3 


1 3 2 
4' 4' 3 


121 15 2 
6' 3' 3 3' 6' 3 


1 3 1 
4' 4' 3 


5 11 
12' 12' 


2 
3 


1 5 1 
3' 6' 3 
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